CENTER OF PLANNING AND ECONOMIC RESEARCH

LECTURE SERIES

24.

OPTIMIZATION PROBLEMS
IN PLANNING THEORY

By
HELMUT REICHARDT
Ruhr-Universitdt Bochum

ATHENS 1971












OPTIMIZATION PROBLEMS
IN PLANNING THEORY






CENTER OF PLANNING AND ECONOMIC RESEARCH

LECTURE SERIES

24.

OPTIMIZATION PROBLEMS
IN PLANNING THEORY

By
HELMUT REICHARDT
Ruhr-Universitédt Bochum

ATHENS 1971



Copyright 1971 by
the Center of Planning and Economic Research

Opinions or value judgements in this book are those of the
author and do not necessarily represent those of the Center
of Planning and Economic Research.



THE CENTER OF PLANNING
AND ECONOMIC RESEARCH

The Center of Planning and Economic Research
(KEPE) was founded in 1961 as an autonomous Public
Organisation, under the title «Center of Economic Re-
searchy, its basic objective being research into the prob-
lem of the operation, structure and development of
the Greek economy. Another of its objectives was the
training of young Greek economists in modern methods
of economic analysis and research. For the estab-
lishment and operation of the Center considerable finan-
cial aid was provided by the Ford and Rockefeller
foundations, and the United States Mission to Greece.

During 1964, the Center of Economic Research
was reorganised into its present form, as the Center of
Planning and Economic Research. In addition to its
function as a Research and Training Institute, the Cen-
ter, in its new form, was assigned the following tasks
by the State: (1) The preparation of draft economic
development plans, (2) the evaluation of public invest-
ment programmes and, (3) the study of short-term de-
velopment in the Greek economy and adyising on cur-
rent problems of economic policy.

For therealisation of these aims, the KEPE, during
its first years of operation (1961-66) collaborated with the
Untversity of California at Berkeley. The latter helped
in the selection of foreign economists who joined the
Center, to carry out scientific research into the prob-
lems of the Greek economy and in the organisation of
an exchange programme, including visits of American
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students to the Center, and the post-graduate training of
young Greek economists at American uniyersities.

The research activity of the KEPE into the prob-
lems of the Greek economy, is presented in two series of
publications, the « Research Monograph Sertes» and the
«Special Studies Series A and Byn. The « Research Mono-
graph Seriesy includes studies which, in addition to
their practical interest, also have a theoretical interest,
The «Special Studies Series A and By mainly include
studies of an empirtcal content. More specifically, Se-
ries A includes studies referring to fundamental prob-
lems of economic and social conditions in Greece and
is distinguished from Series B by the fact that it inclu-
des a more systematic and detatled analysis of the sub-
Jects covered.

The Center has also developed a broad programme
of scholarships or post-graduate studies tn economics.
Thaus, tn collaboration with foreign universities and in-
ternational organisations, a number of young economists
from Greece are sent abroad each year, to spectalize in
the vartous fields of economics. In addition, the KEPE
organises a series of iraining seminars and lectures,
frequently given by distinguished foreign scholars in-
vited for that purpose to Greece. The lectures presented
at these seminars are published in two series under the
title: «Training Seminar Seriesn and «Lecture Sertesn.

In addition to the above, the KEPE maintains con-
tact with stmilar institutions abroad, and exchanges
publications concerning development in methods of eco-
nomic research, thus contributing to the promotion of
the science of economics in the country.
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OPTIMIZATION PROBLEMS
IN PLANNING THEORY

1. INTRODUCTION

In the context of the policy of economic
development, the possibility of realising de-
velopment plans has to be judged, more or
less optimal development strategies have to
be outlined or a past period of development
has to be considered critically. The possi-
bilities of realising quantitative aims of de-
velopment plans vary considerably in the
different countries. But there are countries
showing especially favourable conditions for
the realisation of such aims. These are the
qualifications of the economic decision-ma-
kers and the administration, the economic
discipline of the population and, last but
not least, the quality and availability of sta-
tistical material. For such countries, economic
models can be constructed as a basis for opti-
mal plans, giving an answer to the problems
stated above.

The models considered here are such for
the first steps on the way towards these aims,
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and should be understood as preliminary stu-
dies. The purpose of these models is to dis-
cuss the special problems appearing in these
kinds of models.

Each economic growth process, especially
each development process, is characterized
by a corresponding process of capital accu-
mulation. Therefore, the following problem
arises: How is the available net product to
be allocated? In the relevant literature the
following criteria are mostly discussed: The
economic plan is to be realised as rapidly as
possible, or the plan is to be realised in such
a manner that total consumption is a maxi-
mum during the planning period. Instead of
maximizing total consumption, sometimes the
maximization of general utility functions is
considered.! Therefore, the problem of an
optimal planning can be formulated: A pro-
cess which can run in alternative ways is
to be controlled in such a manner that an
objective, related to a welfare criterion, is
maximized. Certain models of this kind are
considered in the following.

1. Chakravarty, Goodwin, Ramsey, Samuelson, Tinbergen [1]
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2. DYNAMIC SYSTEMS

The state of an economic system can be
described by magnitudes, which can be con-
sidered as realisations of variables. These va-
riables describe well-defined, interesting eco-
nomic items, as for example the production
of a sector, the capital stock or the con-
sumption of an economy, the size of the po-
pulation, the labour-input and so on. Such
magnitudes are always related to time points
or time intervals. Each date is described by
a distinct time point, i.e. a distinet value of
the time coordinate t. Two cases are distin-
guished: All points of a time interval are
considered (continuous case) or only distinct
time points of a time interval are considered
(discrete case)

We especially speak of dynamic systems,!
if variables which are related to a distinct time
point are functions of variables related to
the same or earlier time points. In the dis-
crete case, a dynamic system can be illustra-
ted by Tinbergen’s? arrow scheme. The va-
riables and the relations of the dynamic sys-
tem are called dynamic models. We distin-
guish between continuous and discrete dy-
namic models.

1. Frisch
2. Tinbergen [2]
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3. DYNAMIC MODELS AND GROWTH THEORY

Economic growth models are dynamic models.
If we call a model a dynamic model, we are
mainly interested in the formal structure of
the model, and if we call a model an econo-
mic growth model, we are mainly interested
in the economic relations between the varia-
bles of the model. A simple growth model
of the post-Keynesian-type may demonstrate
this distinction. One of the results of the
Harrod growth model! is the equation:

y(t)= v, ekt
where:

y = net income
s = saving income ratio
B== accelerator

which follows from the fact that we describe
the considered economy as the dynamic system:

1.
- :Sy.

B

This dynamic model is nothing but a lo-
gical consequence of the following assump-
tions:

1. Harrod
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Saving is a linear function of net income,
investments are linear functions of the growth
rate of the net income, and saving always
equals investment. The essentials of Harrod’s
growth theory are the economic arguments
supporting these assumptions.

A dynamic model, deduced in such a way,
can be the base for a statistical test of the
underlying growth theory.

If we are only interested in the descrip-
tion of an economic growth process, we can
sometimes restrict ourselves to simple dy-
namic models like:

y=ay, «>0

and try to estimate the coefficient a. If we
attained a satisfactory agreement between
the estimated and the empirical values, the
dynamic model would be sufficient for the
purpose of description. Detailed economic ar-
guments for the validity of these dynamic
models are still to be found, for example
in Harrod’s growth theory.



4. DYNAMIC MODELS AND ECONOMIC PLANNING

We once again consider a simple dynamic
model, assuming the technological relation:

Bk=y B = const.

where k denotes the capital stock.

We further assume that saving equals
investment and again get the expression:

y(t)= yo e
Now, however, the productivity of capi-
tal b is a given constant. The growth of the
economy, which is described by this dynamic
model, is determined by the saving income
ratio s. If it is intended to reach a fixed net
income yr at time T, then we need a special

. . . A .
saving income ratio $ given by:

8= ln(YT/Y_o).
BT

If § is to be an instrumental variable of
economic policy,! then we have to take into
consideration certain economic constraints, as
for example:

0<8§ < 1.

1. Tinbergen [3], pp. 6-8.
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It is easy to see that this condition is not
fulfilled if the y; chosen is too high. In such
case, it is impossible to realize this plan.
The purpose of such a dynamic model is to

determine this saving income ratio § for
given data, which enables the economy to
reach the planned net income y;. The reali-

sation of the saving income ratio §, thus
determined, is a problem of economic policy.
In the theory of economic policy practical
possibilities that influence the saving income
ratio, are discussed,! such as for example:
compulsory saving, tax increase, etc.

In spite of their simplicity, from a politi-
cal and theoretical point of view, these mo-
dels way be tools for the analysis of economic
plans and past periods of economic develop-
ment.

1. Tinbergen [4]
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5. CONTROLLABLE SYSTEMS

In a dynamic model such as:

y=psy

with a constant B, the only parameter is s.
The dynamic process evolving according to
this differential aquation depends on the cho-
sen s. In this case, the process is controlled
by the magnitudes s and, therefore, we call
such a dynamic system a controllable system.
To generalise this idea, we assume the saving
income ratio to be dependent on time:

0<s(t)<1, t € [0,TT].

We then get the differential equation:

y ()= Ps(t)y(t)
with the solution for y(0)=1y,.

1
st('t)dt

0
y(t)=y,e
The function s(t) is called the control
function of the controllable system. In this
case, there exists an infinity of different
control functions which realize the aim:

y(T)=ya-
18



6. OPTIMAL CONTROLS

If different ways exist for realising the
aims of an economic plan, we need a crite-
rion for the selection of a particular way.
For the model just considered, a possible
criterion is the maximization of the consump-
tion in the period (0, T). That means, we

have to determine a function $ (t), which rea-
lises the planned y; and maximizes

[11-8 (Uy(38) dt.

We call this integral the objective function.
A further interesting objective function is the
length of the planning period. In this case
we have to determine the control function
in such a way that we realize the aims of the
plan in minimum time. The optimality so
defined will express the economic efficiency
of the plan.

19



7. MODELS FOR ECONOMIC DEVELOPMENT

The dynamic models considered deal with
economies whose bottlenecks are capital assets.
We assume that there are no bottlenecks in
the skilled and unskilled manpower. These
assumptions will only be valid for some coun-
tries and for certain time periods. But they
are valid for some developing countries, and
so we can use them for the description of their
economic development. Then the only rele-
vant variables are the capital stocks, and the
growth path of the capital stocks describes
the dynamic system completely.

We can dinstinguish models considering
one or more sectors of production and models
considering the reception or nonreception of
economic aid.

However, in the following, we only dis-
cuss models with one resp. two sectors of
production without economic aid.

20



8. SOME REMARKS CONCERNING
MATHEMATICAL ECONOMIC MODELS

From the statistics we are acquainted
with aggregative measures for the capital
assets in the economy. If we want to describe
the temporal development of the capital assets
by a mathematical model, the economist is
not primarily interested in the mathematical
character of the functions in the model. On
the other hand, the mathematical formula-
tion of the model 1s relevant insofar as it
already determines @ priorc the set of the
solution functions. To put it in another way,
to each mathematical specification of an eco-
nomic model certain types of solution func-
tions correspond. Some problems of the neo-
classical growth models have their origin in
this very fact.

In the following we consider continuous
dynamic models. In this way, we can use a
powerful mathematical theory for the solu-
tion of problems of optimal economic plan-
ning, namely the maximum principle of Pon-
tryagin.! We describe the temporal develop-
ment of the economy by continuous differen-
tiable functions and use piece-wise continuous
functions for the control functions. These
restrictions seem to be reasonable for these
kind of models.

1. Pontryagin
21



9. MATHEMATICAL DESCRIPTION OF OPTIMAL
DYNAMIC PROCESSES

The following form of the outline of the
maximum principle is adapted to the use
of the models of economic development dis-
cussed here. For a more general outline, the
reader is referred to the specific mathemati-
cal monographs.!

(Xl(t)>
x(t) =\ :
Xy(t)

be the vector of the variables of the dynamic
system described by a system of differential
equations of the first order

Let

(1) 5(1 (t) = fl (Xl(t)f H] Xn(t); ul(t),' "t um(t’) )

Xp() = £ (Xy(b), 5 Xa(); Uy(b), -+, Un(t) )

uy(t)
u(t) =<s )
u(t)

1. Pontryagin, Fan, Leitman

where
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is the vector of the control functions of the

system.
Introducing the vector

<f1(X1(t)7 S Xn(t)a ul(t)7"'7 um(t) ))
f(x,u) =
fn(xl(t)a sy Xn(t');ul(t)r“a um(t) )

we can write for the system of differential
equations

x(t) = f(x(t), u(t)).

Clearly, each solution x(t) of this system
depends on the control function u(t). There-
fore we best denote the solution by

X (u,t).

The solutions are required to satisfy the
initial condition

(%1(0)) (’fm)
: = : = Xj
x,(0) X 10

and the final condition

x4(T) Xt
: =l : J=Zy.
<Xn(T)> <XHT>
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Economically, x,, means for example the
existing capital stock in sector (i) at the be-
ginning of the period, while x;; means the
planned capital stock in the same sector at
the end of the period.

The functions

f(x,u)
and
fO(X7u)

are assumed to be continuous in the varia-
bles x;, X,,..%, and continuously differenti-
able with respect to xy, X,, ..., X,.

The control functions are piecewise con-
tinuous, that means, they are continuous for
all t under consideration, with the exception
of only a finite number of t. For all t ¢ [0,T],
the set U={u(t)} is a closed subset of R™,
independent of t. The set of control functions
satisfying these conditions is called the set
of admissible control functions, and the prob-
lem is to find out an optimal one.

The objective function xy(u,t) is defined by
t
X (u,t) = i fo(x(r), u(r)) dr.

An optimal control of a dynamic system

24



is a control function u, so that the solution

x(ﬁ,t)

satisfies the initial and final conditions
x(1,0)=x,
x(u,T)=x,

and minimizes the objective function, that
means

xo( 1, T) = min x,(u,T).
ueU

A different question is the so-called time
minimum problem. In this special case we
have

and the objective function is!

t t
That means, the control function mini-
mizes the transition time from the initial
state x(0) to the final state x(T).

1. Pontryagin, pp. 26
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10. THE MAXIMUM PRINCIPLE

Let us now proceed to the formulation
of the maximum principle, which gives us
the solution of the problems discussed. In
addition to the system of differential equa-
tions(1) we introduce a system of auxiliary

functions
Go(t)
bt)= ( it >
Gu(t)

which are solutions of the system of dif-
ferential equations of the first order
J— ] ey ; (3fk(X,ll) o
%—Z———————axi $p, 1=0,1,...,n.

k—0

Now we combine the two systems of func-
tions ¢; and x; into one expression which
we call the Hamilton function of the system
and which is defined by

(2) H(\p,x,u)_—-éoapkfk(x,u).

In this notation, we can write for the dif-
ferential equation

: H .
B e =0,1,...,n.
( ) q) ax‘) 1 071, )n

i
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In general, the auxiliary functions have
to satisfy certain conditions. For instance,
in the case where the integral

(1) xo(u,t)=J T (x(t), ut) dt

is to be minimized with fixed initial and
final conditions x(0) and x(T), these are

Uo(T) <0
and

¢(t) =+ (0,0,...,0).1

Now we consider the Hamilton function
as a function of the m-tupel

ue U

only, ¢ and x being fixed values. Let us
denote the least upper bound of the values
of these functions by M ({,x)

(5) M(‘%X): sup H (KJ),X,U)
ueU

=H ((.I),X,ll).

The maximum principle says: Under cer-
tain conditions, such as the preceding ones,
where we minimized the integral (4) under

1. Pontryagin
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the condition of fixed initial and final state
of the variables x(t) in a closed time inter-
val, the necessary condition for a control
function u to be optimal is that u is a compo-
nent of the solution vector

((.IJ,X’H,U)

of the equation systems (1), (2), (3), (4) and (5).
Therefore, the maximum principle only gives
a necessary condition. Only for the special
case where we have to determine the optimal
control of a linear time-optimal process, there
exists proof of the existence and uniqueness
of the solution. In the case that all relevant
functions are concave with respect to the
controls, the existence of optimal paths can
be proved. To a certain degree, our mathema-
tical considerations are unsatisfactory. The
existence and uniqueness of an optimal con-
trol function cannot be proved. We assume,
that if the solution found is economically
reasonable, this solution is indeed the opti-
mal one.

28



11. SOME MODELS OF OPTIMAL CAPITAL
ACCUMULATION

In the following we consider some models
for an optimal capital accumulation. We do
not consider the problem of allocation of
labour input. The models are formulated in
per capita quantities. This formulation makes
the results economically more plausible; be-
sides, it is easier to be handled mathemati-
cally.

We regard models with linear production
functions (model I, III, IV) and a model
with a neoclassical production function (Mo-
del II). We regard models with one sector
of production (model I and II) and such
with two sectors of production (model III
and IV). In some models (model I, IT and III)
we discuss the problem of maximization of
consumption in a period and in one model
the minimum-time problem. We develop the
problems in the following sequence:

—Statement of the general economic prob-
lem

—Formulation of the corresponding mo-
del and the objective function.

—Procedure according to Pontryagin
—Solution and numerical example.

29



The readers interested in the mathematics
involved will find some hints in the Appen-
dix. However, we dispense with detailed proofs.

The symbols used in the following models

are:

38 o wFd ZRA

net national product

consumption

investment

size of population

per capita net national product

per capita capital stock

per capita consumption

productivity of capital

elasticity of production of the capital
rate of population increase

30



12. MODEL I: A ONE-SECTORAL MODEL WITH
LINEAR PRODUCTION FUNCTION

We assume that the net product is a li-
near function of the capital stock. We further
assume the capacity of the capital stock to
be fully used all the time and that saving
always equals investment. The economy pro-
duces only one kind of goods, which can be
used either for consumption or investment.
The population increases by a constant rate.
A certain fixed minimal per capita consump-
tion shall be realized within the whole plan-
ning period.

For this reason, the available net product
1s supposed to be positive at the beginning
of the planning period. If this assumption
does not hold, it is impossible to speak of a
process of capital accumulation at all.

Let the macro-economic production func-
tion be

Y =vK,

Together with the assumption that saving
equals investment

S=K

31



the equation of income-spending
Y=C+K

follows. After division by the size N of popu-
lation, the per capita production function is

y=vk.

In the same way follows

_C , K
YERNTN
C KN KN KN
"Nt Twe NN
- . N
== l k____
c+ k+ N

If the rate of population increase %:n

is a constant, as we assume, we have

ye=g-+ k + =k -
Then the per capita consumption is
c=(y-n)k- k.

Y)™
Taking into regard the fixed minimum per-
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capita consumption ¢, the available net pro
duct 1is

y-nk-¢c= (y-n)k-ec.

Let u(t) be the proportion of the avail-
able product which we use for capital accu-
mulation and (1-u(t)) the proportion of the
available product which is consumed, then
the allocation of the available product can
be described by the system

k= u[(y-wm)k-¢], 0<u(t)<1
(6) c*=c-c=(1-u)[(y-w)k-c]
Let the initial per capita capital stock be

ke = Kk(0)

and the planned final per capita capital stock
at time point T be

ke =k(T).

The objective k,=k(T) is to be realized
in such a manner that the total per capita
consumption is maximized during the plan-
ning period (0,T), that is

T

fedt = [ (c* +7) dt = max.

0 0

33



Obviously, it is sufficient to maximize the
integral

T
fe*dt
0

or, which is the same thing to minimize the
integral
T T
_Of-c*dt:bf(u—i)[y—rc)k-‘é]dt.
The proportion u(t) is the control function
of the process, described by the system (6).
According to Pontryagin,! the optimal con-
trol function u(t) is a component of the so-
lution vector (x,k,d,, ¢, Hyu) of the equa-
tion system

x=(u-1)[(y-m)k-¢]
k=u[(y-m)k-¢]

+ oH
(7) _—4}0_——6_}(—
i oH
(8) _%_—31—{_

9) H=(u-1)[(y-n)k-ec]y,

+uf(y-mk-cld
1. Pontryagin L.S., pp. 66
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(10) H(u) =sup H(u)
ue U

under the conditions

(Po(t), ba(t)") 3 (0,0)

and
(11) $o(T) = 0.

From (7) and (8) follows together with (9)

(12) 4}0 =0
and
hi=-(-1) (y-m)Yo-u (y-m) du.

From (12) follows

(13) Yo = const.

and regarding (11) we can write

(14) o= —1.
Together with (9) and (14), (10) yields
(1-u)[y-m)k-c]+ul(y-m) k-cly,

=sup {(1-u)[(y-m)k-e]+u[(y-=)k-TC] ¢}
uelU

= [(y-m) k-c]+ sup {u[(y-n) k-c](¢,-1)}-
ueU
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The optimal control function thus takes
on the values zero or one only, depending on

whether the sign of [(y-w)k-T¢] (1-¢,) is ne-
gative or positive.

The optimal control function is

u(t)=

[1 for t e (0,t*)
0" te(t*T)

Then the optimal per capita path is

C (y—m)t c
(ko__——y—'rc)e +Y‘7f

(15) k(t)=

T
for t € (0, t¥*)
for t e (t*T)
For the optimal per capita consumption
path we get

v fort e (0, t*)
(v-m) kq fort e (t*,T)

c(t)=

Observing the boundary conditions K, and
k(T) we can derive the time point t* from(15).

It is possible for a t* thus calculated to
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lie outside of the planning period

t*e [0, T].

In this case, it is impossible to realize the
planned final per capita capital stock. So the
existence of a solution t* with t* € (0,T) is
a criterion for the solvability of the economic
problem considered.

For example, with the data

k;= 14
kp=25
e = 4
y = 0.35
w = (.025

and T=20 the following paths can be found:
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t k(t) c(t)
0 14,000 4,000
1 14,650
2 15,549
3 16,794
4 18,517
5 20,901
6 24,200
§* 25,000 4,000
7 8,125
8
9
10
11
12
13
14
15
16
17
18
19
20 25,000 8,125
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13. MODEL II: A ONE-SECTORAL MODEL WITH A
NEOCLASSICAL PRODUCTION FUNCTION

The aim again is to transform the economy
within a given time period (0,T) from an ini-
tial state described by the initial capital
stock k, into a final state, which is des-
cribed by a given final capital stock ky, in
such a way that the per capita consumption
is maximized during the planning period. We
assume that the law of production is governed
by a neoclassical production function, that
is, a production function with positive, but
diminishing marginal products,

Let o« be the production elasticity of the
capital, then it is possible, to write a Cobb-
Douglas function in per capita magnitudes

y=Fk,

if the factor labour is proportional to the
population. F is a constant. If the popula-
tion increases by a constant rate, the per
capita consumption is

c=Fke-nk-k.
The objective function is
T
(16) fe dt.
0

39



A minimum consumption which shall be
proportional to the production

T=iy=2Fk*,  with 0¢n{1

is always to be guaranteed. As available pro-
duct therefore remains

y -ay -k =[(1-1)Fk®-=k].

The available product can be used for
consumption to increase consumption or can
be used to increase the per capita capital
stock. If the additional consumption is sym-
bolized again by c*, it is

o* 4+ k=[1-2)Fk®- k].
A piecewise continuous function u(t)
u(t) e Ur={u(t)|0 < u(t) <1}

controls the distribution of the available pro-
duct into c¢* and k*

c*=  u[(1-)NFk*-rnk]

k = (1-u[(1-)Fk*-rk].

The control function u(t) is now to be de-
termined in such a way, that the k-path
satisfies the boundary values k, and k; and
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the integral (16) takes a maximum. The ma-
ximization of this integral equals the mini-
mization of the integral

(= u[(1-0)Fke- k] - \Fke) dt.

According to Pontryagin! the desired opti-
mal control function u(t) is a component of
the solution vector (k,x, H,{,, ¢;,u) of the
equation system

k = (1-u)[(1-7Fk*-nk]

x = -u[(1-2)Fk*-nk]-AFk®
(17) H:%k +¢1k

: oH
(18) ‘1-’0:“3{

1 oH

‘p1=—‘gk'

(19) H(u)= sup H(u).
ue U

The component of the solution u(t) is the
wanted optimal control under the conditions

(Yo, 44)" = (0,0)

1. Pontryagin, p. 66
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and
bo(T) =0
The functions ¢, and ¢, are determined

only up to a multiplicative constant. Because
of (17) and (18) it is

Ll;o =0,
and therefore it can be written
(20) bo=—1.
For (19) together with (20) it is

u(l-4;) [(1-2Fk*-nk]=
=sup {u(l-¢,)[(1-2) Fk*-=k]}.
ueU

It follows that the optimal control func-
tion takes on the values zero or one only,
depending on whether the sign of (1-¢,)
and [(1-2)Fk*-=k] is the same or not. The
desired optimal k=path consists of pieces with

(21) k=const.
and solutions of the differential equation
(22)  k=(1-2)Fk®-rk.

If the optimal control function is known,
the k=path is determined

In this case the only control, which is
compatible with the equation system and
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therefore 1s the optimal control, takes the
value zero from t=0 until a point t=1* and
from that point jumps to the value one.

The optimal growth path follows from (21)
and (22).

1

Hkg—a- —2(1-7\)] g™ Wi~y g(i-x)}i"“,
k(t)= for 0(t<t*
ko, for t* (4 ¢ T.

During the first phase, consumption con-
sists only of minimum consumption, during
the second phase of the product reduced by
the costs of the increasing population. So,
for the path of the optimal per capita con-
sumption it follows:

AF Hk}f"— g(i-)\)] g—Mi-a) | %(14)}1-“,
0= for 0(t(t*
Fk& —zk, for t* (t(T.

Taking regard of the boundary values k,
and k; 1t follows

ki-o— X 1o
t*= (-n(1-a)) 1In 1’; .
k{—%— “7;(1‘7\)
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With the values

ko = 14
ky =25
A =0.70
a =0.75
F =0.70
n =0.025

and T'=20 the following paths for a develop-

ment maximizing the consumption can be
found:

A



t k(t) d(t)
0 14,000 3,546
1 15,203 3,773
2 16,474 4,007
3 17814 4,249
4 19,226 4,499
5 20710 4,757
5 22,268 5023
7 23902 5297
- 25,000 5478
8 25,000 7,201
9

10

11

12

13

14

15

16

17

18

19

20 25000 7,201
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In the following table the consequences
of isolated changes of single magnitudes on
the time point t* are demonstrated:

k, kr A» a« F =  t*

14 25 070 075 0.70 0.020 7,127

0.025 7,647
' ’ ‘ 0.030 8,188
| 080 0.60 0.025 7,720
0.80 0.75 0.70 13,745
23 0.70 6,454
27 | ‘ 8,779
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14. MODEL III: MAXIMIZATION OF CONSUMPTION
IN A TWO-SECTORAL MODEL

A two-sector model is now regarded. Sector
1 only produces capital goods and Sector 2
only produces consumption goods. At the
beginning of the planning period certain fix-
ed capital stocks exist in both sectors, and
for the end of the planning period certain
fixed capital stocks are planned. In the mod-
els discussed wuntil now the problem was
always to decide between consumption and
investment. Now it is to decide between in-
vestment in the sector of capital goods and
the sector of consumption goods. The net
product Y, of sector 1 is used for replacement
of capital assets Y, in sector 2 and for the
rates of change Kl, K2 in the stocks of capi-
tal in both sectors

Y= HY2+K1+K2
Y,=0C,

In both sectors the processes of production
are described by
Yi=1K,
Yy =",K,.

The accumulation of capital is to be con-
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trolled by the current investment decisions
in such a manner as to maximize the sum of
the per capita consumption in the period
from t=0 to t=T,

T T
f%dt :fcdt,
0 0

and leading the initial sectoral capital stocks
up to the wanted final capital stocks. The
capital invested in any one of the sectors is
not supposed to be transferred into the other
sector. Following this, it is discussed in model
IV, what kind of control of the investment
decisions leads the initial capital stocks to
the desired final capital stocks within a mi-
nimum time period. The solutions of the mi-
nimum time problem and the maximization
of consumption are confronted in a numeri-
cal illustration.

With a constant rate of increase = of the
population size N, together with

=

:ki_l_nkh 1=1,2,

2= =
I
s
-
\.bé
o
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the model in per capita quantities results in

Yi=uye+ i(1 +k2 + n(k, + k)

Y2=¢C
Yi=Y1k;
Yo ="2Ks

A piecewise continuous function u(t)
u(t) e U:={u(t)|0 < u(t) < 1}

in this context controls the rate of change of
the per capita capital stocks in both sectors.

k-1 = u[(yy- )k - (wye + m)ks]
ky= (1-) [(yy- m)ky - (s + k]
maximizing
T 1 T
Jedt=[vykydt=1, [kydt
0 0 0
resp. minimizing
T
Y2 of —k,dt.

The paths of development k,(t) and ky(t)
have to satisfy the boundary conditions k,(0)
=kyo, ka(0)=ky, ky(T)=kyr and ky(T)=Kkqy.

In this model the available product, which
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is the net product of sector 1 minus the re-
placement of capital assets and the costs
of population growth, is only taken to inc-
rease the per capita capital stocks. If the
initial available product is positive, then we
get - as is shown later - per capita capital stocks
which increase monotonously in both sectors.

According to Pontryagin the optimal con-
trol function u(t) is a component of the so-
lution vector (x,ky, ko, &g, 41, ¥s, H,u) of the
equation system

X =—k,
(23) k= ully-mki- (pye k]

26) = (1-)[(y;-m)ky - (wya + k]
(25) - ‘Lo :Z_I;(I
- ('I"l = _GTI-
i _oH
Yp == —a_k;
(26) H=—koPo+ u[(y; - 7k - (v - ©)ka ]y
+ (L -w)(y, - )k - (wye + 0)ks g

(27) H(u)= sup H(u).
ueU
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Further necessary conditions so that the
control function u(t) solves this optimum
problem are:

("IJO(t)? ¢1(t)7 4}2(t) )' s—é 07 070),
and
o(T) = 0.

As the function H is homogeneous in ¢,
¢, and ¢, these functions are only determi-
ned up to a multiplicative constant.

From (25) follows

¢ = const.
Therefore regarding (28) we can write
(29) Yo =—1. .
Together with (26) and (29), (27) yields

u(; - Po)[(y1 - m)ky - (pye + m)ke]

=Ssup {u(Yy - Ga)lys - )ky - (wys + 7k, ])-
ueU
The optimal control function u(t) thus
takes on the values zero or one only, depending
on whether the sign of (;-Us)[(y1-7)k; -
(uys-m)k,] is negative or positive.
So the desired control function of the ac-
cumulation of capital maximizing consump-
tion is
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1 for t € (0, t**)
(30) u(t)=1 0 for t e (t**,t*)
1 for t e (t*,T).

Therefore from (23) follows for t e (0,t**)

31) k= (n-mk- (e Tk
and from (24)
1%250.
Then it is
ky = ky(0) = ko(t**) =k,
and the solution of the differential equation
(31) is
(2 = (o L) g

(py2+- 7;) K
('Y1

Together with (30) from (24) follows for
t e (t**, t*)

20

(33) kg = (y; - 7)key - (v + 7k,
and from (23)
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Then it is
ky = ky(8%%) =k (t%) = kyx

and the differential equation (33) has the
solution

(34) k2:(k20 (;%_I%k )e —(uy, tr(t—t**))

(Y1-7)

Tl tn) 2

From (30) follows together with (23) for
t e (t*,T)
@) kn=(-mk- (et ks
and from (24)
i{z =0.
Then it is
ky = ko(T) =ky(t*) = kyr,
and the differential equation (35) has the so-
lution

_ (GLY2+7T) (v, ~m)(t—T)
S e

i (Y2 +m) Kyr
(y1-m)
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The points of time t” and t** can be de-
termined by the relations (32), (34) and (36).
We will find for t**

pE* — 1 )[ln kor - ko

(Yy-m _k‘mf_Y'l_‘jE) —k,
(wye +m) 0
(P—'Yz + 7'c) (wy,+m (v, =7y, +mT

-ln(l-<k1T-Wk2T>(Yl+PY,(;_MZ§1+UYZ) )]
klo" (5""{2_“‘75) k

(Y1-7)

20

and for t*
- 1
prprr (1770 In
T (Y1t wya) (Y1 + wys)

(v1-m)kyr - (By2 + T)kop
(Y1 - ™)kyg - (wys + m)kao

So the desired paths of development are com-
pletely determined. For k,(t) follows

— (k. _{ratm) T
kl(t)—‘( 10 (Yl'ﬂ?) k20 el

= %km for t € (0,t*¥)
=

54



+ )
k,(t)= (k10 s S—pgi—q%) ky, ) ey —mt

+ (_‘%2_%11 kyo=kp  for t e (t¥%, t%)
-

+ -
k()= (e~ E1E kY e

+ (52“.:2%7;) kor  forte (t*T).
1

For k,(t) follows

ky(t) =ky for t € (0, t*%)
kz(t) — (kzo — ﬁ}% kl* ) e (BY,F(t—1**)
(Y1-m)
4+ ———""k,« fort e (t** t*
(pye+m) ( )
kit =Xk for t e (t*, T).

The accumulation of capital, maximizing

the sum of per capita consumption, is charac-
terized by the fact that first, the per capita
capital stock is increased in the sector of
capital goods exclusive'y. Second, only the
per capita stock in the sector of consumption
goods is increased until a given final value
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is reached. Third and last, only the per capi-
ta capital stock in the sector of capital goods
is increased until a given final value is reached.

In the following. the influence of the length
of the different phases of accumulation caused
by different objectives shall be demonstrated
by a numerical example. The data assumed
here follow in its dimensions the Algerian
model by Stoleru.!

With
kK= & kyp=10
Kgp="10 kyn=15b
v, = 0.25 vy = O
g = (04 © = 0.025

and T=20 in the problem of maximizing con-
sumption, the following paths of development
are found:

1. Stoleru
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b k,(t) ky(t) c(t)
0 4.00 10.00 4.00
1 4.28
2 4.63
3 5.07
4 5.62
e 5.93 10.00 4.00
5 10.35 44
6 10.99 4.40
7 11.59 4.64
3 12.16 4.86
ty 12.29 4.92
9 12.68 5.07
10 13.18 5.27
11 13.64 5.46
to 13.97 5.59
12 14.07 563
13 14.48 5.79
14 14.86 5.94
t* 5.93 15.00 6.00
15 6.17
16 6.64
17 7%
18 7.95
19 8.86
20 10.00 15.00 6.00




In the following table, the consequences
of isolated changes of single magnitudes on

the time points t* and t** are demonstrated
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15. MODEL IV : THE MINIMUM TIME PROBLEM IN
A TWO-SECTOR MODEL

Now for this model the control function
u(t) is to be determined which leads the ini-
tial sectoral capital stocks into the wanted
final capital stocks within a minimum time
period (0,tp). According to Pontryagin® this
optimal control function u(t) is a component
of the solution vector (k;,k,, ¢y, Y5, H,u)" of
the equation system

l.‘112 u[(y; - )k - (wys + ks,
kz =(1-u) [(y1 -~ 7)ky - (wya +7)k,],
: oH

—q"l’— 51;1—)
i+ oH

"—4’2—‘ 'é‘lg')

H = u[(y, - m)ky - (wye + m)ke]ds
+ (- w)[(y1- )k, - (e + w0 )kl
= (Y- o)1~ )k - (v + kel
+ [(v1-m)ky - (v + 7)1,

H(u)= sup H(u)
ueU

1. Pontryagin, p. 115
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under the condition of
$1(t), Po(t)) £ (0,0).

Again the optimal control function takes
on the value zero or one only, depending on

the sign of ({; - o) [(v1-7)ky - (nys + m)ks] being
negative or positive.

The wanted optimal control function is

u=1 forte(0,t,;)
u=0 forte(t,t,).

The time points t; and t, can be calculated
with the help of the given initial and final
capital stocks kg, koo, kyr= ki, and kyp=ky,
from

_ (et ) b (pyet) o
k1t1 - (klﬂ (Yl _ TC) k20) € (Yl _ TC) 1\20
and

(Yl - TC) _““y2+“)(t0_t1) (Yl - TC)
Kato = (Koo~ 7 2k AT
e ( " (wygtm) )e (uyetm)

So it 1s found
kltl . (E‘LY2 + Tt) k

P S D Coer M
Y (1m0 Ky — (Y2t ) Kao
(yy-7)
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and (Y1-7)

ot 1 n Koy, - (e ) 2
VO (wyet ) kg - (y1-7) .
(wyatm)

With the same data as in the numerical
example of model III, we get the following
optimal paths:

b k,(t) ko(t) c(t)
0 4.00 10.00  4.00
1 4.28

2 4.63

3 5.07

4 5.62

e 5.93

5 6.31

6 717

7 8.26

8 9.61

by 10.00 10.00  4.00
9 1117 447
10 12.65 5.06
11 1403  5.61
t0 10.00 15.00  6.00
12
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In the following table the effects of iso-
lated changes of the different data concern-

ing points t, and t, are shown.
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16. SOME REMARKS ON STATISTICAL PROBLEMS

If we are looking for econometric models
on the basis of these models, a lot of statis-
tical problems will arise. One of these is the
evaluation of the capital stock.

In economic theory produced capital goods
are simply called capital. A direct registration
in quantity units is statistically an unsol-
vable task. It is only when referring to money
units that we are able to record a capital
stock for the whole economy. The development
of this stock, after elimination of price changes,
is of particular interest. There are different
possibilities to record statistically the capi-
tal stock, for instance, estimation of the total
value, registration by sampling or cumula-
tion of investments.

Investments in plant and equipment are
the flow of goods which enlarge -capital
assets. The real content of the term «capi-
tal assets» is defined by agreement which
determines the goods belonging to it. There-
fore, land is not usually taken into consi-
deration but the cost of recovery of lands
and meliorations. Furthermore, for a good
to be a part of the capital stock, it must be
at its final destination, and its expected use-
ful life has to be longer than the accounting
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period. Produced goods satisfying these cri-
teria, but which are purchased by private
households or which serve military purposes,
do not belong to capital assets.

If we derive capital assets from time series
of investments - this method usually is cal-
led perpetual inventory method - we have
to eliminate the effects of price-changes. By
such a deflation of the investment outlays,
we circumvent the direct evaluation of the
stocks. In investigations like the present ones,
the gross capital asset is mostly considered
as a measure for the possibilities of production
in the next period. According to the «per-
petual inventory method», gross capital con-
sists of the sum of the gross capital invest-
ments of former periods still available at the
beginning of the period. For this method we
need information about the homogeneity of
the capital assets and of their physical life. It
is unknown how far the capital assets thus
calculated give a satisfying approximation to
reality. However, it can be supposed, that the
choice of a suitable survival function plays
a decisive role. Survival functions show which
part of the gross capital investment of a cer-
tain year can be used in the period conside-
red. Empirical investigations show that li-
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near and logistical functions can serve as a
good approximation.

In the case of multisectoral models, an
additional difficulty arises insofar as the sta-
tistical definitions of the sectors do not agree
with the functional definition of the sectors
in the models. Therefore, we need special sur-
veys for planning. If we use published input-
output tables, we have the problem of aggre-
gating the sectors according to functional
viewpoints, which requires a thorough know-
ledge of the statistical material.

Another problem is the estimation of the
future size of a population. The simplest me-
thod is to take the number of individuals,
as determined at a more or less recent date
in the past, and to apply to it an assumed
rate, possibly derived from observations on
the past growth of the population itself, or
by analogy with rates observed in other po-
pulations in similar circumstances. The real-
ly distinguishing feature of such a projection
lies in the fact that calculations are applied
to the figure of total population only, rather
than to population segments, or relations
between the population and its environment.
But this kind of projection is sufficient for
the models discussed here.

For application of the planning concepts
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developed here, the econometric quality of
the structural relations is of decisive impor-
tance. One of the most delicate problems is
the linearity of the production functions used.
However, in favour of constant capital-output
ratios we can state: There are certain argu-
ments for a secular decline of the capital-
output ratio.

However, in general, the price index of
capital goods moves up more rapidly than
the price index of the net product. If we
deflate both magnitudes by the same index,
as is usually done, we get by tendency an
increase of the capital output ratio. For a
planning period of about five to ten years
duration, we can hope that the two effects
will compensate.



17. APPENDIX: SOME FURTHER REMARKS ON THZ
CONSIDERED MODELS

ON MODEL I:

The proof of the optimal solution is based
on the relation

H—[(y-n)k-c]
= sup {uf(y-mk-c](¢,-1)}
u e [0,1]

from which it follows that the optimal control
function takes on the values zero or one only,
depending on whether the sign of [(y-n)k-<¢]
($1-1) is negative or positive. If the expres-
sion [(y-m)k-c] is positive for t=0, then it
follows that [(y-m)k-c¢](J;-1) is always posi-
tive. Thus the optimal control function is

u

1 for ¢, 21
0 for ¢, (1

u

I

and 18 undetermined for {¢,-1. In the last
case, it can be proved that there is only a
finite number of such points in the planning
period (0, T), since, by definition, u(t) is
piecewise continuous in (0,T). For such a point
u(t) can be completed by one of its limits.
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The optimal control function u(t) is deter-
mined successively commencing from t=T.
There are two possibilities:

u(t)=0 for t in a neighbourhood U(T) of t=T
u(t)=1 for t in a neighbourhood U(T) of t=T

By discussion of these alternatives, the
optimal control function u(t) can be deter-

mined, taking regard of the Pontryagin system
and the initial and final capital stock.
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ON MODEL II:

In analogy to model I, the optimal control
function takes on the values zero or one only,
depending on whether the sign of (1-{;) and
[(1-0)Fk® - k] will or will not agree. By a detail-
ed discussion of these two functions, within
the framework of the Pontryagin system,
we can determine the optimal control function.

69



ON MODEL III :

The determination of the optimal solu-
tion is based on

u(dy - o) [y - kg - (e + 7)ks]
= sup {u(by - Po) [(y1-m)ky - (wye + )k, ]}

uc

The optimal control function u(t) thus
takes on the values zero or one only, depend-
ing on whether the sign of ({;-1{s) [(v:-7)k,
- (uys +mk,) is negative or positive.

For a positive initial available product

(v1-m)K1o - (2 + )k 2 0
for all te[0,T] holds
[(y1-m)ky - (wys +7)ks] ) 0.

Therefore the optimal control function be-
comes zero for ¢, (¢, and one for ¢, > §,. Since
the functions ¢1 and {2 are not equal in any
interval and u(t) is piecewise continuous by
definition, there exist only a finite number
of points for which {¢; =1,. holds. In this case,
u(t) can be completed by one of its limits.
The optimal control function u(t) is determi-
ned successively starting from t=T. There
are again two possibilities:
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u(t)=0 for t in a neighbourhood U(t) of t=T
u(t)=1 for t in a neighbourhood U(t) of t=T
It can be proved for this model, that

the optimal control function has in the utmost
two jump points in (0,T).



ON MODEL 1V :

In analogy to model III, the optimal con-
trol function u(t) takes on the values zero
or one only, depending on whether the sign
of (P1-da) [(v1-m)ky - (uye+ m)ks] is mnegative
or positive. For the time minimum problem
of this model, however, there exists at the
most one jump point. This is obvious, since
a fixed planning period does not exist.



18. SUMMARY

The models considered here, deal with the
concepts of optimal economic planning on the
basis of the theory of controllable processes
as developed by Pontryagin and his co-wor-
kers.! This analytical technique frequently was
used for the formulation and solution of eco-
nomic problems, primarily in the theory of
economic growth.? This theory analyses so-
called optimal steady state paths like the
famous «golden rule» path and, from another
point of view, the von Neumann path. The
problem consisted in finding paths adapting
to the mentioned paths, the so-called turn-
pikes, starting from an arbitrary intitial state.?

The first applications of the theory of
controllable processes in economic theory con-
sisted in the determination of such turnpikes.
Kurz* discussed the adaption to a von Neu-
mann path as a minimum time problem in
a two sector model with neoclassical produc-
tion functions. Stoleru® considered a slightly
different problem, taking into regard constraints
such as the maintenance of a minimum per

. Pontryagin

. Chakravarty

Dorfman, Samuelson, Solow
Kurz

. Stoleru

QU R W B e
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capita consumption of foreign economic aid.
He demonstrates his model with the help
of statistical data of Algeria. Different ver-
sions of these models were discussed by Cass!
and Shell.? Cass used a utility function in
his model and Shell introduced lower bound-
aries for the final capital stocks.

However, some models only discuss the
problem of an optimal steady state path
with an infinite time horizon.?

If the objective function is an improper
integral, mathematical problems arise.*

In the models mentioned above, the prob-
lem was the control of income-spending resp.
allocation of the investments in multisector-
al models. As an example for the allo-
cation problem the reader is referred to the
model of Takayama.® He discusses the optimal
regional allocation of investments. In other
types of models, the problem is the control
of the income distribution.®

Finally, Arrow? used the theory of optimal
control for the determination of an optimal

. Cass

Shell

. Uzawa [1]

. Britsch, Reichardt, Schips [1]
Takayama

. Britsch, Reichardt, Schips [2], Hamada
. Arrow

BW R =
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investment policy in the theory of the firm.

The problems of the models discussed here
are the following: An initial state and a wanted
final state are described by capital stocks, and
the problem is how to transform the economy
in an optimal manner from the initial to the
final state. The different alternatives, from
which an optimal one is chosen, are different
plans for the capital accumulation. However
this is no decisive restriction, since our con-
sideration can be easily extended to ques-
tions referring to problems of optimal edu-
cation and regional development. The reader
may consult, for example, a model by Uzawa.l

The main purpose of our models was to
demonstrate the mathematical solutions in
a way suitable for numerical illustrations.
In the next steps we would have to develop
numerical methods for the solution of more
complicated models, which we would need
in practical situations. Further problems lie
in the estimation of the parameters of these
models. The purpose of this lecture was mainly
to show the possibilities of such models and
to stimulate further research in this field.

1. Uzawa [2]
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