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THE CENTER OF ECONOMIC RESEARCH 

The Center of Economic Research in Greece was estab
lished in the expectation that it would juif ill three 
junctions: (1) Basic research on the structure and be
havior of the Greek economy, (2) Scientific programming 
of resource allocation for economic development, and (3) 
Technical-economic training of personnel for key posi
tions in government and industry. Its financial resources 
have been contributed by the Greek Government, the Unit
ed States Mission in Greece and the Ford and Rocke
feller Foundations. The University of California at 
Berkeley participates in the process of selection of foreign 
scholars who join the Center's staff on an annual basis. 
It also participates in a fellowship program which sup
ports research in Greece by American graduate students, 
as well as studies for an advanced degree in economics 
of Greek students in American Universities. 

Fellowships are also provided to young men who have 
graduated from a Greek University. They join the Cen
ter as junior research fellows for a three-year period 
during which they assist the senior fellows in their re
search and participate in seminars given by them. 

The Center's main task, naturally, is the carrying on 
of research on key aspects of the Greek economy and on 
the fundamental policy problems facing the country in 
its effort to develop rapidly in the framework of the Eu
ropean Common Market. This research is carried on by 
teams under the direction of senior fellows. The results 
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are published in a Research Monograph Series. 
The lectures and seminars included in the Centefs 

program are not for the benefit only of those working for 
the Center. Econonists, scholars and studens of econom
ics are also invited to attend and participate in this cul
tural exchange which, it is hoped, will be carried out in 
co-operation with institutions of higher learning, here and 
abroad. A Lecture Series and a Training Seminar Series 
round off the publications program of the Center. 

Another need which the Center has set out to meet is 
the establishment of a library and a bibliographical serv
ice in the economic sciences. Besides its usefulness for 
the education of the trainees of the Center, this sendee 
will be of particular interest to Greek economists in general. 

It is contemplated that the Center will exchange infor
mation and results with similar Centers in other countries 
and will participate in joint research efforts with Greek 
or foreign public and private organizations. 

Finally, one should emphasize that this is one more 
example of Greek-American co-operation, a pooling of 
human talent^ funds and efforts, designed to promote the 
training of economists and help in meeting Greece's needs 
in the field of economic development. 

The final aim is eminently practical: to help in 
creating a better life for the Greek people. 

GEORGE COUT SOUMARIS 
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Ρ R E F A C E 

! 

These notes are based on a course of lectures on regression 
analysis which were given to a seminar at the Center of Eco
nomic Research in June 1963. The junior research workers who 
took part in the seminar already had a good knowledge of ele
mentary probability and sampling theory and some knowledge 
of matrix algebra, and these notes are based on this founda
tion. The theory of regression analysis is then developed from 
first principles for the method of least squares. While the theory 
is developed formally and fairly rigorously, one of the main 
objets of the course was the discussion which concentrated on 
the implications of the assumptions in regression analysis and 
the limitations of the methods when they are applied to the anal
ysis of economic data. 

The theory of regression analysis is developed here fairly 
rigorously in the sense that most of results are proved formally, 
but in the interests of saving space some of the longer and more 
difficult proofs have been omitted. Fortunately, however, the no
tation for least squares regression analysis used by most authors 
has now become fairly uniform, and it has been relatively easy 
to use a notation in these notes which is similar to that found in 
several more comprehensive texts. The reader who wishes to find 
the proofs of the results which are merely stated here and who 
uses the references for this purpose will find that the notation is 
uniform and that the need for translation from one set of sym
bols to another has been avoided. 

11 



! Finally, I should like to acknowledge my gratitude to a num
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most to Professor Adam A. Pepelasis, whose invitation enabled 
me to spend three very pleasant months in Athens. During my 
stay he asked me to give the seminar course and then encouraged 
me to prepare the notes for publication. My thanks are due to 
Dr. Anna Kokkova for valuable comments and examples, and to 
Mr. Constantine Glezakos, who worked out the examples and 
did the proofreading. Lastly I want to thank Professor Pan 
A. Yotopoulos who saw the manuscript through the various 
stages of publication after I had left Athens. 
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C H A P T E R 1. 

THE LINEAR REGRESSION MODEL WITH 
ONE INDEPENDENT VARIABLE 

1 . 1 Introduct ion 

The purpose of this chapter is to consider the simplest 
regression model in which there is a dependent variable and 
one independent variable. Given that one wishes to find a 
relationship between two variables, one can do so according 
to many criteria, and of these various methods only one will 
be considered in great detail, that of least squares. In this 
chapter it will be considered in the case of one independent 
variable and then in later chapters will be extended to cases 
involving more than one independent variable. The decision 
to concentrate on this particular method can be justified in 
a number of ways. In the first place it is computationally 
convenient, though the increasing availability of electronic 
computers has tended to diminish the strength of this argu
ment. Secondly, under the conditions that are specified in 
the assumptions of the model, the estimates which are ob
tained by this method have certain optimal properties. Third
ly, even where these conditions are not fulfilled, estimates 
obtained by the method of least squares have a certain ro
bustness ,1 as compared with estimates obtained by other 

1. «Robustness» refers to the way in which estimation procedures 
and tests of significance behave in situations where the conditions spec
ified in their underlying assumptions are not fulfilled. If such infringe
ments of the basic assumptions do not seriously affect the accuracy of 
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methods, which makes this method attractive. The assump
tions of the method of least squares will be discussed in 
this chapter, and various problems that arise when these 
assumptions are relaxed will be dealt with in later chapters. 
The intuitive justificatioii <Or ]past sauares has been outlined 
above, and some oi the advantages of this method of es
timation will emerge m the course of the discussion, 

1 . 2 Functional Relationship 

Economic theory is usually concerned with the relation
ships between two or more economic variables. For example, 
in demand theory the relationship between the quantity of 
a commodity bought and the price of the commodity is in
vestigated, while in macroeconomic theory the consumption 
function expresses the relationship between aggregate con
sumption in a given time period and aggregate disposable 
income in the period. Even when we are only considering 
one economic variable, if that variable is ordered over time 
we may wish to describe its movement over time. These are 
all simple examples involving two variables, but we may 
consider more complex models. For example, in the case of 
the demand function, relaxing the assumption of «other 
things being equal» would require a new relationship between 
the quantity of the good purchased, the price of this good, 
the prices of other goods which were closely related to it as 
substitutes or complements and consumers' incomes and 

the method, it is said to be «robust.» For example, the statistical tests 
used in connection with sample means are based on the assumption that 
the samples are drawn from normal populations, but these tests give 
good results even when the parent populations are not normal. These 
tests are robust. On the other hand, tests involving the comparison of 
sample variances make a similar normality assumption and are very 
sensitiye to the relaxation of this assumption, 



tastes. We shall first consider relationships involving two 
variables. 

When we have a relationship involving two variable^, 
it is usually possible mathematically1 to write the relation
ship either as «Y is a function of X» or as «X is a function of 
Y», one functional form being derived from the other by β 
process of algebraic manipulation. For exampie, if Q is thé 
quantity purchased and Ρ the price oi the commodity, We 
may write either 

Q = fi(P) 
or 

Ρ = f, (Q). 

If the relationship between Q and Ρ is linear, say, 

Q = a - b P 

we can transform this equation to give Ρ in terms of Q, 
namely, 

p.... a - Q 
b " 

Once we associate a functional relationship with a causal 
relationship, the way in which we express the function — 
which variable we regard as dependent and which as inde
pendent — becomes important. For example, it could be 
argued that there is a functional relationship between the 
frequency with which New Yorkers lose their tempers while 
travelling on the subway in July and the temperature and 

1. This is not true of all mathematical functions; some have a form 
such that Y can be expressed explicitly as a function of X but X cannot 
be expressed in terms of Y. Consider the following example : if 

Y = 3X3 — 2 X 
then is it not possible to express X in terms of Y. However, most of the 
functions that arise in economic theory can be expressed with any of 
the variables as the dependent one 
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humidity in New York at the time. It seems more reasonable 
to assume that the high frequency of lost tempers is a func
tion of (depends on) the temperature and humidity rather 
than that the temperature and humidity depend on the fre
quency with which people lose their tempers on the subway. 
Hence, when we use the terms «dependent» and «indepen
dent» variables, we are expressing a concept of causality. 

However, statistical analysis is not concerned with cau
sality but with relationships, and the form in which a rela
tionship is expressed for purposes of statistical analysis de
pends more on the assumptions behind statistical theory 
than on the notion of causality. 1 Even though a theory 
may imply a clear causal relationship in which X depends 
on Y, it may be more convenient statistically to treat Y as 
a function of X. For example, if it was more difficult to meas
ure temperature and humidity than it was to measure the 
frequency of lost tempers, we might well choose to express 
temperature and humidity as a function of bad-temper and, 
having established a relationship, use bad-temper to predict 
the weather conditions. 

So far we have considered only linear relationships. The 
discussion will be extended to include non-linear functions 
in Chapter 2, but in fact linear functions are basic to a great 
deal of statistical analysis. In many cases linear relation
ships describe the situation satisfactorily, but even where 
one has to use functional forms which are non-linear, it is 
often possible to apply a transformation which reduces the 
problem to one in which a linear function can be used. 2 

1. Causality and relationship will be discussed more fully in con
nection with the theory of correlation. See Section 1.4 below. 

2. Non-linear functions which have proved to be of use in economic 
research and a number of transformations which can be used to reduce 
the estimation problem to one involving linear relationships will be 
discussed below. (See Section 1.5.) 
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The functions of economic theory are deterministic ; the 
simpje Keynesian consumption function 

Ct = a + bY t 

implies that knowledge of the two parameters a and b to
gether with any value of Yt gives complete information a-
bout the corresponding value of Gf Q is fully determined 
by the functional relationship of the theory, and if this were 
also found to be true when empirical data were examined, 
there would be little or no need to introduce statistical anal
ysis into economics. However, theories are simplifications 
of the complexities which exist in the real world, and aggre
gate consumption is clearly dependent on more factors than 
simply aggregate disposable income. It is also affected by 
past patterns of consumption, tastes, expectations about 
future income and prices, the state of consumers' liquidity 
and social factors such as changes in the distribution of in
come, earlier or later marriages and changing family size. 
Some of these variables could be introduced explicitly into 
the theory, but there are too many factors for this process 
to be continued indefinitely and some of them (though it is 
hoped only those of relatively minor importance) have to 
be ignored. These variables, which are not included in the 
theory but which do have some effect on the variable to 
be explained, introduce a random (or stochastic) element 
into the theory, so that we cannot hope to explain the behav
iour of a variable completely by means of a simple relation
ship. This leaves us with the statistical problem of esti
mating from the empirical data such relationships as can 
be found and assessing how much explanatory power they 
have. 

21 



1.3 The Least Squares Linear Regression Model 

The basic model can be set up as follows. Let us assume 
that a linear relationship exists between two variables, Y' 
and X, namely, 

Υ' = α + βΧ· (1.1) 

However, whenever we take observations, errors enter into 
the situation so that we observe not Y' but a new variable, 
Y, which is related to Y', so that Y = Y' f u , where u de
notes a random error. One explanation of u would be in terms 
of errors of measurement, though this is not an easy one to 
accept in many situations, since we assume that the inde
pendent variable, X, is observed without measurement errors; 
and it does not seem very plausible to accept the assumption 
that only one of the variables should contain errors of meas
urement. A second explanation, which is more in line with 
the discussion in the previous section, is to assume that these 
errors arise because of the effects of other variables which 
affect Y' but which are not included in the equation. For 
example, the quantity of a particular good demanded might 
be a linear function of its price if incomes, tastes and the 
prices of all other goods could be held constant, but when we 
collect data on the quantities of the good which are purchased 
at various prices, we do not observe the quantity that 
would be purchased if all other things were constant (Y') 
but rather the quantities purchased while the prices of other 
goods, incomes and tastes have all been varying. 

The statistical problem is that while we are interested in 
the relationship between Y' and X, we can only observe Y 
and X and therefore have to try to estimate the relationship 
between Y' and X from our observations on Y and X. We 
shall restrict the discussion at first to consider the case in 
which the random errors occur because of the effects of 
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variables excluded from the equation. Under this assumption 
they are usually referred to as disturbances, or errors in the 
equation. In most economic problems it would be more real
istic to assume that the errors are partly errors of measure
ment and partly due to excluded variables, but such models 
with mixed errors present some difficult problems in esti
mation and will be discussed later.1 

Our model can be illustrated as in Figure 1.1. The true re
lationship between Y' and X is shown by the straight line 

Y{ UÒV 

NY2 

-ο rô* 

Figure 1.1 

Y' = α + βΧ, and were it not for the errors in the equation 
we would observe Y' l5 Y' 2,..., Y'n, the points on the straight 
line corresponding to X l5 X 2,. . ., Xn. However, because of 
the random errors we observe Y1? Y2,..., Yn correspond
ing to X1} X2, . . . , Xn- These points diverge from the true 
regression line by quantities u l 5 u2, . . . , un, where Ui is the 
random error associated with Yi( Hence each Yj, (i = 1,2,. 
, . , η ) , can be expressed in terms of a component due to 

1. See Chapter 3, Section 3.2 below, 

\ 
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the effect of Xj plus a random error Ui. 

Thus Y i ^ a - f ß X i + Ui (1.2) 

In order to undertake any statistical analysis we have 
to make a number of assumptions about the statistical prop
erties of the random errors, Ui. We shall first list these as
sumptions and then discuss their implications below. The 
assumptions are that Uj are drawn from a distribution with 
the following characteristics: 

E(ui) = 0 for all i. (1.3) 
(0 for i=^j; i, j = l ,2, . . . ,n 

E(u,u,)= (1.4) 
\σξ for i = j ; i, j = 1,2,. . .,n 

The implications of these assumptions are important and 
will be discussed in some detail. The first assumption, equa
tion (1.3), is that the mean (or expected) value of the errors 
is zero. The implication here is that positive and negative 
values of Uj are equally likely to occur, and it is an assump
tion which is forced upon us if we are to try to estimate the 
true relationship. To illustrate this, suppose that the random 
errors tended to be positive and that they had an expected 
value which was non-zero, E(UJ) = ü say. The effect would 
then be a positive bias upwards in the observations, and 
without having additional information about the size of 
this bias we could not fit a regression line to the observations. 
This situation is illustrated in Figure 1.2(a). 

The assumptions about E(UJUJ) concern the dispersion 
of the random errors about their mean of zero. E (UjUj ) = σ 2 , 
for i = j implies that the random errors have a constant 
variance, σ2. If this were not so, as for example in the case 
where Ui increases for increasing values of X{, the analysis 
would become much more difficult. In this case the value 
of E(uj2) would not tend to a finite constant, σ2,. but would 
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tend t o increase with an increasing number of observations, 

and as one of the parameters to be estimated in the method 

of least squares is σ£, simple methods of analysis would 

break down. *• 

E(UiUj) = 0, for i^= j implies that the values of Uj shall 

be independent of one another. When this condition is not 

fulfilled, it is still possible, at least in theory, t o estimate 

the relationship between Y' and X, but it requires additional 

information which is seldom available in practice. The ef

fects of autocorrelation in the errors can be seen most clearly 

when we study the general regression model, and further dis

cussion of this point will be deferred until Chapter 3 . 2 We 

1. Where the values of the u's tend to increase (decrease) with in
creasing values of the X's, the u's are said to be heteroscedastic. In some 
cases it is possible to overcome this problem by making a suitable 
transformation. For example, if the u's are proportional to the corre
sponding X's (say varying between + χ % about a mean of zero), a use
ful transformation is to express the Y's as a percentage of the corre
sponding X's and then regress this new variable on X. After the trans
formation the random errors will tend to have a dispersion correspond
ing to the assumption that E(u?) is constant. The case of heteroscedas-
ticity is illustrated in Figure 1.2(b). 

2. See Section 3.3. 

\ 
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shall precede here on the assumption that E(uiUj) = 0 for 

Two further assumptions may be noted here. For the 
method of estimation to be discussed it is also important 
that the values of the errors shall be independent of the X's. 
The conditions expressed in (1.4) are necessary but not suf
ficient conditions for u and X to be independent. If we wish 
to regard the X's as being values of a random variable, then 
we must add the specific assumption that E(u{Xj) = 0 for 
all i, j to those already listed above. However, in many ways 
it is preferable to regard the X's as a fixed set of numbers 
which do not vary from sample to sample. Although in many 
situations in economics it may appear implausible to think 
about repeated sampling, we may argue that it is convenient 
and plausible to think of a situation in which hypothetical 
sampling is possible. Consider again our example from de
mand theory, in which we observe a set of quantities Q l 5 . . 
.,Qn corresponding to a set of prices P 1 ? . . . ,P n . Associated 
with the Q's is a set of random errors %,. . . ,un, which result 
from the effects of the excluded variables (incomes, prices 
of other goods, etc.). Hypothetically we could draw the same 
set of P's again as a new sample, and in this case we would 
observe a different set of Q's to the extent that the excluded 
variables behaved differently in the new sample and thus 
generated a new set of random errors. Hence we may regard 
our observed set of prices Ρ 1 ; . . . ,Pn as a fixed set of numbers 
with the u's, and therefore the Q's, varying from sample to 
sample. If we make this assumption in our regression model we 
need not make the additional assumption that E(UJXJ) = 0 
since the X's are now a known set of constants and 

E(u iX j) = E(u i).X j = 0 

by virtue of equation (1.3). 
The other assumption to be mentioned here is that the 
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u's have a normal distribution. This assumption is usually 
made in the method of least squares, but it is important to 
realize at what stage in the statistical analysis it becomes 
necessary. If we make the assumptions given in (1.3) and 
(1.4) and also assume that the u's and X's are independent, 
then whatever the distribution of the u's, the estimates we 
obtain by the method of least squares will have certain opti
mal properties. The assumption that the u's have a normal 
distribution becomes necessary if we wish to calculate con
fidence intervals for our estimates of the parameters and if 
we wish to apply the standard tests of significance to the 
estimates that are obtained. 

Having discussed the assumptions behind the method 
of least squares, we now proceed to the method itself. We 
are interested in the relationship between Y' and X, but we 
observe Y and X, the relationship between them being given 
by (1.2), Yi = α + βΧχ + Ui. Our problem is to estimate 
the relationship between Y' and X from our observations. 
To do this we fit a straight line to the data which we can 
represent by 

Y i - a + bXi (1.5) 

and choose the values of a and b such that the sum of squares 
of deviations from our fitted regression line shall be a mini
mum. Corresponding to Yi, the value given by the regression 
line will be Yi? so that the deviation from the regression line 
will be Yi - Yj. If the total number of observations of X 
and Y is n, the sum of squares of deviations from the regres
sion line will be 

Ì ( Y i - Y i ) 2 ; (1.6) 

and, substituting for Yi from (1.5), we have 

^ ( Y i - Y i ^ J ^ i - a - b X i ) 2 . (1.7) 
i = l i » - l 

27 
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The problem then becomes one of finding values for a and 
b which minimize (1.7), and these may be found by taking 
the partial derivatives with respect to a and b, setting them 
equal to zero, and solving the resulting two equations for 
a and b. Carrying out this process we obtain : 

- | τ Σ ( Y i - a - b X 0 2 = - 2 2 ( Y I _ a - b X 1 ) = 0 (1.8) 

-JL-2 ( Y 1 - a - b X i ) 2 = - 2 2 X i ( Y i - a - b X i ) = 0 . (1.9) 

Carrying out the summation for these two equation yields 
two new equations which are usually called the normal e-
quations for the straight line, namely, 

2 Yi = n a + b 2 X, (1.10) 
i = l i = l 

2XiYi = a Ì X i + b2Xi 2 . (LU) 
i = l i = l i = l 

If we denote the values of a and b obtained from the solution 
of these equations by d and β, we have from (1.10), 

ά = Ϋ - β Χ ; (1.12) 

and by substituting (1.12) into (1.11) we obtain 

2 ( Y i - Y ) ( X i - x ) 
i = l (1.13) 

Σ (Xi-x) s 

i = l 

where Χ and Y denote the arithmetic means of the X's and 
Y's respectively. 



Substituting for à and β in (1.5) we obtain 

Y i - Y ^ X i - X ) , (1.14) 

and if we denote (Xi - X) by xi and (Yt - Y) by y i ? we may 

rewrite (1.14) as 

Y i - N i (1.15) 

from which we see that the least squares regression line passes 

through the point (Χ, Ϋ), the means of the X's and Y's. 

Also β can be written in the alternative form, 

η 

$ = ^ (1.16) 

Σ x i 2 Λ . 2 

i = l 

The fact that the estimates obtained by the method of 

least squares have certain desirable properties have been 

mentioned above, and we shall now consider what these 

properties are. In the first place, â and β are linear functions 

of the Y's. Consider 

fi Sxiyt Σ χ ^ Υ ι - Ϋ ) ΣχίΥί Ϋ Σ Χ ι 
P Σχΐ2 Σχι2 Σχι2 Σχί2 

ΣχιΥί 
since Σχι = 0. 

Σχι2 ' 

If we make the assumption mentioned on page 26 tha t our 
η 

X's are a fixed set of numbers, then xt /^ ] x i 2 w m k e constant 
i = l 

from sample to sample, and if we denote this ratio by ki, we 

may write β in the form 



Tf we now substitute this expression for $ Jo (1 12) we have 

ά =- Ύ - Χ Τ kiYi = — y Y, - Χ Τ kf Y, = 
ari η émd Xml 

i=i " i=i i=l 

= | ( | - & , ) Yi. (1.18) 

We shall now show that the least squares estimates are 
anbiased, that is, that the expected value of α over repeated 
samples is a, and of β is β. This is most easily done if we de
rive a number of properties of the set of w'i^ht0 k- which 
were defined above 

iki^-ixi/ixi^iiXi-x)/!^2^0 d·19) 

2 k i 2 - E x i 2 / (Exi2)2 = l/Exia (1.20) 

EkjXj - Σ χ Α / Σχ^ = Σ (X, - X ) X Ì / Z ( X Ì - Χ) 2 = 1. (1.21) 

Let us now consider the expected value of β. From (1.17), 

p = SkiYi. 

Substituting for Y{ from (1.2), 

β = Xki (oc 4- βΧι + ut) = αΣki + ßlkiXi + k ^ . 

Using the results of (1.19) and (1.21) this reduces to 

Ρ = β + EkiUi. (1.22.) 

Taking expected value«, 

E(p)«p + iSkiB(ui) = ß, 
by virtue of (1.3). 
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Similarly, from (1.18), 

α«=Σ ( -ί- - Xki)Y, = Σ ( - - -Xk,·) (α + ßXj + i«j) 
η η 

= α — αΧΣΙίΐ + βΧ - ßXEk,X, + Σ ( — - Xk, )m 

= α + Σ ( .=_ _Xk,· )ui, using (1.19) and ( 1.21 ). ί 1.23 ) 

And Ε(ά) —: oc, from assumption (1.3). 
Having shown that α and β are unbiased, we shall now 

ibtain the variances of these estimates. From (1.22) we have 

p — β = SkiUi 

^ β Γ ( Ρ ) « Ε [ ( Ρ ~ ρ ) » ] * . Ε [ ( Σ ^ υ , ) » ] 

= E[S(k i U i )
2 ] +2E[S(kik,u,u,)] 

= EkjE (uj2) -!-- 2Skik,E (u,Uj) = a*£k? 

since E(ujUj)=0 from assumption (1.4). Substituting for 
Σ^ 2 , we have 

var(ß)=au
2^X i

2 . (1.24) 

Now from (1.23) we have 

var (Ä) = σ2 Σ ( ± - Xki )2 = σ2 ( ~ + X2 Σki

2 - ± 1 Σ ^ ) 

- σ 2 ( — + Χ2/Σχί2) by (1.19) 
η 

and using the result that Σ (Xj — X)2 = ΣΧ^2 — nX2, 

we have var (d ) = σ2 (ΣΧί2/ ηΣχί2), (1.25) 

Thus the least squares estimates are linear functions of 
the Yss and are unbiased, but it is possible to find other 
methods of estimation which have thnse properties; and it 



will now be shown that the least squares estimates are the 
best linear unbiased estimates, in the sense t h a t they have 
the smallest variance of the class of linear unbiased estimates. 
To show this, consider any other linear unbiased estimator, 
β', defined as 

ß ' ^ E c i Y i 
where 

Ci = ki + di, (1.26) 

ki being the weights defined above and dj being an arbitrary 
set of weights, β' will be unbiased estimator of β if the di 

fulfill certain conditions 

β' = Scj (a + ßXi 4- Ui) = aScj + ßEciXj + SCÌUÌ 

and Ε (β') = aSci + ßEciXj, using E (UÌ ) = 0. 

Clearly E(ß') = β only if Sci = 0 and ECJXÌ = 1. 

Now Σθί = Xki + Sdì, and if Eq = 0 and 

Eki — 0, then Sdj = 0. 

Similarly, E c Ä = E k Ä + SdjXi, and if E c Ä = 1 and 

SkiXi = l , then EdiXi = 0 as will Σά^ = 0. (1.27) 

Consider now the variance of β' : 

var (ß ' ) = E [ (Ec i u i )
2 ] = a ^ c i

2 

by the same arguments as were used in finding var(ß) , 

and since Σα2 = kSi2 -f Edi2 + 2 Ekidi 

and Ekjdi = Sxid { / Σχι2 = 0 from (1.27), 

var(ß') = au
2 (Ski2 + Edi2) = var (β) + ^ S d i 2 . 

Edi 2 must be positive and will only be zero if each of the 

d's is zero. Hence β has a smaller variance than β'. A similar 

result can be obtained for <x, and it has now been established 
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that the least squares estimators are the best linear un
biased estimators of the parameters α and β. 

It will be noticed that the variances of ά and β depend 
on σ„, the variance of the random errors Ui. Since these ran
dom errors cannot be observed, the next problem is to con
sider a method by which σ* may be estimated. To do this 
we consider the residuals from the fitted least squares re
gression line, and refer to them as ei. Thus Yi may be written 
in terms of the least squares regression line as 

Y i ^ d + ÊXi + e, 

or ei = Y i - a - ß X i (1.28) 

and expressing the X's and Y's as deviations from the means 

X and Ϋ 
ei = y i - N . (1.29) 

Our original model in (1.2) was Yt = α + ßXi + Uj and 
averaging this expression over the η sample values we have 

Ϋ = α + βΧ + ΰ (1.30) 

and subtracting (1.30) from (1.2) gives us 

y i = ß x i + ( u t - û ) . (1.31) 

Substituting this expression for γι in (1.29) gives 

ei = ßXi — ßxi + (ui — ü) 

and by rearrangement 

ei = - (ß-ß) X i + (Ui_ü). 

Summing over the η sample values for the squares of the re
siduals from the least squares regression line yields 

Ee i 2=(ß-ß )2Sx i
2 + E ( u i - ü ) 2 - 2 ( ß - ß ) E x i ( u i - u ) . 
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If we now take the expected values of the terms on the right-
hand side we have 

Ε [ ( β - β ) * Σ χ ι 8 ] = σ* from (1.24) 

E ^ ( u i - ü ) 2 ] = E [Eu i
2 -nü 2 ] = (n — 1)σ* 

E [ ( ^ - ß ) E x i ( u i - ü ) ] = E [ E k i u i x i ( u I - ü ) ] = 

= Ε [ ^ ( Σ η ΐ χ 1 - ύ Σ χ Ι ) 

by substitution for (β — β) from (1.22), and since Σχι = 0 

Ε [ ( 3 - β ) Σ χ 1 ( υ ΐ - ΰ ) ] = σα

2. 

Thus Ε (Σβ\) = σξ + σ" (η - 1 ) - 2σ* = (η - 2)σ£ 

Hence du will be an unbiased estimator of <τ„, where ô„ is 
defined as 

- 2 
σ 

Σβί 2 

( n - 2 ) · 
(1.32) 

As was mentioned earlier, the basic properties of the least 
squares estimators can derived without making the assump
tion that the u's have a normal distribution. So far we have 
only used assumptions (1.3) and (1.4), and on the basis of 
these we have shown that whatever the distribution of the 
u's, the least squares estimates are the best linear unbiased 
estimates of α and β. There are a number of arguments that 
can be put forward giving reasons why the u's could be as
sumed to have a normal distribution. If the u's are thought 
of as errors of measurement, it might be noted in passing 
that historically the normal distribution was first considered 
by the German mathematician Gauss in connection with 
measurement errors in astronomy early in the nineteenth 
century. On the assumptions that positive errors were just 
as likely as negative ones and that the probability of making 
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a large error was less than the probability of making a small 
error, he derived a distribution for the errors which approxi
mated the normal distribution in the limit. Also if we are con
sidering the random errors to be errors in the equations, we 
may argue tha t their distribution will be normal. We assume 
that the effects of the excluded variables can be either pos
itive or negative and that they are excluded because their 
effects on the variable we are considering are in general small. 
Hence it seems reasonable to assume that their effects are 
more likely to be small than large. On the basis of these ar
guments it does not seem unreasonable to assume tha t the 
random errors should have a normal distribution. 

If a normal distribution is assumed for the random errors 
Ui, then we obtain some interesting results.x These results 
will be stated without proof since the object here is to con
centrate on the method of least squares and to follow up 
these results would mean a long digression. However, it can 
be shown tha t when the random errors are drawn from a 
normal distribution, à and β are themselves normally dis
tributed. The normality assumption does not affect our 
previous results concerning the means and variances of ά 

1. It can be shown that when the random errors are assumed to 
have a normal distribution the least squares estimates are identical to 
those obtained by the principle of maximum-likelihood. With this prin
ciple the estimates of the parameters are chosen so that they maximise 
the probability of the given sample having been observed. This method 
has general applicability, but unless the sample is drawn from a normal 
distribution the computational problems sometimes become very severe. 
When normality can be assumed, the ML estimates are themselves 
normally distributed. For a good discussion of this principle see A.M. 
Mood, Introduction to the Theory of Statistics, (New York: McGraw-Hill, 
1950). For the proof of the result given above see R.L. Anderson and 
T.A. Bancroft, Statistical Theory in Research, (New York: McGraw-
Hill, 1952), pp. 63-64. 

\ 
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and β, and once we can assume that ά and (S are normally 
distributed we can apply standard tests of significance to 
our estimates and calculate confidence intervals for them. 
However, before we go on to consider tests of significance, 
it is worth considering why the properties that have been 
established for the least squares estimators are important. 
To do this we shall use Figure 1.3, in which the least squares 
estimate is shown for one of the parameters, say β, together 
with some other estimate which we will assume is also un
biased and normally distributed. Both of them will be center-

Figure 1.3 

ed on the true value of the parameter, β, but because of the 
property that the least squares estimator has the minimum 
variance, β will have a much smaller dispersion about β 
than will β', the estimate obtained by some other method. 
Thus if we draw a sample of observations of Y's and X's 
which are related by the model in (1.2) and if the random 
errors obey assumptions (1.3) and (1.4) and are normally 
distributed, then the estimates obtained by the method of 
least squares are more likely to lie in any chosen interval 
around the true parameter value than are the estimates ob
tained by any other method. Conversely, and more important
ly since we wish to estimate the true parameter values, we 
can set up confidence intervals within which we expect the 
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true parameter values to lie, with a given probability of 
being correct, which will be narrower for the least squares 
estimates than for those obtained by any other method. 
Being able to set smaller confidence intervals means in ef
fect that we are extracting more information from our 
sample than we would be if we were using an alternative 
method of estimation. 

We shall now consider the question of confidence inter
vals and tests of significance. It will be assumed that the 
reader has some knowledge of the more standard results 
connected with the theory of random samples from a normal 
distribution, and these results will be summarised here with
out proof. The proofs can be found in most standard statisti
cal textbooks, and some references to such texts are given.1 

If a random sample of η observations is drawn from a 
normal population with mean μ and variance σ2, the mean 
of the sample of η observations, X, will also have a normal 
distribution. That is, if we think of a process of repeated 
sampling in which a large number of random samples, all 
of size n, are drawn from the same normal distribution,2 

then while the values of the sample mean will vary from 
sample to sample, their distribution will be normal. The 
mean and variance of this normal distribution of sample 
means are related to those of the original distribution from 
which the samples were drawn, the mean being μ, the mean 

1. A good lucid treatment which does not require more than elemen
tary calculus is P.G. Hoel, Introduction to Mathematical Statistics, 3rd 
ed. (New York : Wiley, 1963). A more rigorous and comprehensive 
treatment which is slightly more difficult mathematically is Mood, 
op. cit. 

2. A convenient notation which can be used for normal distributions 
is to denote a normal distribution having a mean of μ and a variance 
σ2 as Ν (μ, σ2). This notation will now be used in this text. 
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σ2 

of the original distribution and the variance b e i n g — . The 

sample mean is thus an unbiased estimator of the mean of 

the population since the expected value (or mean) of the 

sample means is μ, the parameter to be estimated and since 

the minimum variance property which was proved for the 

least squares estimators can also be established for the sample 

mean. Thus if we draw samples of size η from Ν (μ, σ2), 

— σ2 

then the distribution of sample means X will be Ν (μ, — ). 

Any normal distribution can be transformed to a stand

ard normal distribution having zero mean and unit variance, 

i.e. Ν (0,1), by means of a simple transformation. Thus if 

an observation X is chosen at random from a population 

Ν (μ, σ2), then the value ζ which would correspond to X if 

the observation were drawn from the standard normal dis

tribution Ν (0,1) is given by 

ζ = ( Χ ~ ~ μ ) . (1.33) 

The probabilities associated with the standard normal dis

tribution have been tabulated, and by means of transfor

mation (1.33) they may be applied to any normal distri

bution. For example, the probability that X, an observation 

chosen at random from the distribution Ν (μ, σ2), will be 

greater than some chosen value Xx is equal to the probabil

ity t h a t an observation z, chosen at random from Ν (0,1), 

will be greater than z1? where zx is obtained from Xj by the 

transformation 

<&z£)m ( 1 3 4 ) 
σ 

Thus drawing a random sample of η observations (with 

sample mean X) from Ν (μ, σ2) is equivalent to drawing an 
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observation ζ at random from Ν(0,1), where 

ζ = ί * Ζ # . ( 1.35) 
σ/V η 

From tables of Ν (0,1) it is found that the probability 
of an observation chosen at random lying within the range 
of 1.96 standard deviations (deviations from the mean of 
a normal distribution are measured in terms of units of the 
standard deviation) on either side of the mean is 0.95. This 
enables us to say that if a random sample of η is chosen 
from Ν (μ, σ2), the probability that the sample mean X will 
lie within the range μ+Ι.θβσ/Υη (since σ/Vn is the stand
ard deviation in this case) is 0.95. 

This relationship is basic to the construction of confidence 
intervals since if the probability is 0.95 that X chosen at 
random lies in the range μ + 1.96 σ/Vn , then it can shown 
that the probability is also 0.95 that μ will lie in the range 
X + 1.96 σ /Vn , a result that enables us to establish con
fidence intervals when we wish to estimate μ from X. 2 

These are exact results when the random sample is drawn 
from a normal distribution but have much wider applica
bility because of a powerful theorem known as the Central 
Limit Theorem. This proves that if η observations are chosen 
at random from the same distribution (which need not 
be normal) having a mean μ and a variance σ2, then the 
distribution of 

- ( X - j O 

σ/Vn 

tends to the standard normal distribution, Ν(0,1), as the 

1. Applying (1.33) to the distribution of X, which is Ν (μ, σ2/η). 
2. The argument is very intuitive here. For a more rigorous and 

convincing treatment see any of the texts already cited. 
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suuipjfc fti/Λ H -> χ . i ihe Central Limit Theorem is more 
powerful than may appear at first sight since although the 
approximation is derived as η —>• co , a good approximation is 
generally obtained for quite small values of n, and in practice 
the approximation has been found to be extremely close for 
samples as small as 10 or 20.2 

It will be noticed from the discussion above tha t these 
results all depend on the value of σ2 being known, which is 
generally not the case. However, it is possible to develop 
results which do not depend on σ2 being known b u t can be 
applied using not σ2 but s2, an estimate of σ2, where s2 is 
defined as 

s2 = - L l Ì ( X i - X ) 2 . (1.36) 
i = l 

Then if σ2 is unknown we use s2 and make a similar transfor
mation to (1.33), namely, 

t = ( X - j x ) 
s/Vn 

We then find the appropriate probabilities not from tables 
of the standard normal distribution but from tables of 
another distribution, Student's t distribution, finding the 

1. See J.E. Freund, Mathematical Statistics (Englewood Cliffs, N.J. : 
Prentice-Hall, 1962), pp. 185. 

2. Robustness was mentioned in note 1, page 17, and it may be 
added that one reason why tests involving sample means are robust is 
the existence of the Central Limit Theorem. Since the normal distribu
tion of sample means does not depend critically on the samples having 
come from a normal population, the test is robust. Since no result com
parable to the Central Limit Theorem exists for the distribution of 
sample variances, tests of variances which are based on the assumption 
that the sample is drawn from a normal distribution, are very sensitive 
to the relaxation of this assumption. 
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probability corresponding to (n - 1 ) degrees of freedom.1 

Thus if for a sample of 25 observations we have X = 29.48 

and s2 = 36.0 and we wish to estimate μ, s/Vn = 1.2 and the 

transformation of (1.37) gives 

( 2 9 . 4 8 - μ ) 
t _ Γ 2 ' 

From the table of the t distribution on (n — 1 ) = 24 degrees 

of freedom we find that the value of t corresponding t o a 

probability of 0.95 is 2.064. 

t , 5 = 2.064 = i ^ f a ) 

and by rearrangement we obtain the 9 5 % confidence inter

val for μ, namely 

μ = 29.48 + 2.064(1.2) = 2 9 . 4 8 + 2 . 4 8 2 . 

Similarly, (1.35) and (1.37) provide the basis for tests 

of hypotheses, since if we wish to test the hypothesis t h a t 

μ = μο we may substitute μ0 into (1.35), and given X and σ2 

(or if σ2 is not known we may use X and s2 with (1.37 ) and 

the t distribution on (n — 1) degrees of freedom) we may 

calculate the probability of getting the observed X if the 

hypothesis is true, the hypothesis being rejected if the 

probability of getting the observed value of X is small. For 

example, if X = 29.48, s2 = 36.0 with a sample of 25 obser-

1. For certain distributions the probability of observing a given 
deviation depends on the number of observations in the sample. This 
is true of Student's t distribution. Such distributions are therefore tab
ulated giving the probabilities of given deviations against the number 
of «degrees of freedom,» where the number of degrees of freedom is a 
function of the number of observations in the sample and the number 
of parameters which have been estimated in a particular situation. For 
the derivation of the t distribution see Hoel, op. cit., or Mood, op. cit. 

\ 
41 



vations and our hypothesis is μ = 25.0, then from (i.37), 

t - ( » · « - » · ' » = 3.73 

and we find that from the t distribution on 24 degrees of 
freedom the probability of getting a deviation as large as 
3.73 is less than 0.01, which makes the sample mean we have 
observed a fairly rare event if our hypothesis is true . On 
the basis of this test we may reject the hypothesis that μ = 
25.0. 

After this brief summary of some of the theoretical re
sults concerning random sampling from normal populations, 
we can now investigate their application to the least squares 
estimators. Under assumptions (1.3) and (1.4), plus the as
sumption that the radom errors have a normal distribution, 
we have established that the least squares estimators are 
the best linear unbiased estimators of α and β and that 
they are normally distributed. The distribution of à is 
N(a, σ'ΣΧί2/ηΣχί2) and that of β is Ν(β, σ'/Σχΐ2). 

The fact that they are normally distributed enables us 
to construct confidence intervals and carry out tests of hy
potheses using the methods, outlined above, and since the 
variance of the random errors σ2 is not known but is estimated 

u 

from the residuals from the regression line, we use (1.37) 
as our transformation. We then use the probabilities obtain
ed from the table of the t distribution, but in this case, since 
we have estimated two parameters, the appropriate number 
of degrees of freedom is (n — 2). 
If we denote the standard deviation of ά by s.e.(d) and 
similarly for β, 1 

1. Where s.e. stands for «standard error.» In many of the older text-
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when σ | is known or when it is estimated from the residuals 

where du is defined by (1.32) as 

1 
Σβι 2 . 

u ( n - 2 ) 

Then applying (1.37) we have for <x, 

(α — a) 

and for β, 
s . e . ( à ) 

(P-ß) 

(1.38) 

(1.39) 
s.e.(β) 

We may now use (1.38) and (1.39) to show how confi

dence intervals may be constructed for α and β. Suppose 

that we fit a straight line by the method of least squares to 

30 observations of X and Y and obtain 

Y = 128.5 + 2 . 8 8 X 

and that s.e. (d) = 38.2 and s.e. φ) = 0.85. Then from (1.38), 

+ _ (128.5 — a ) 
%~ 3 8 ^ 

and if we wish to find the 9 5 % confidence limits we find 

that the value of t corresponding to a probability of 0.95 

on (n — 2) = 28 degrees of freedom is 2.048. Hence 

( 1 2 8 . 5 - a ) 
2.048 = 

38.2 

books it was common to use «standard error» and «standard deviation» 
interchangably.but there is much to be said for the present practice of 
making a distinction between their meanings and using «standard error» 
in cases where we are referring to the standard deviation of an estimate 
and «standard deviation» in all other cases. 

\ 
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which yields as the 95% confidence interval for <*, 

α = 128.5± 2.048(38.2) = 128.5 + 78.23. 

By the same argument the 95% confidence interval for β 
will be 

β = 2.88 + 2.048 (0.85) = 2.88 + 1.74. 

Tests of hypotheses may also be developed using (1.38) 
and (1.39). If we wish to test the hypothesis that β = β0, 
we may do so by substituting β0 into (1.39) and calculating 
the resulting value of t. We can then see the probability of 
such a deviation having arisen by chance by consulting the 
table of probabilities for the t distribution, the number of 
degrees of freedom being (n — 2). Suppose in the example 
considered above we wish to test the hypothesis that β = 
1.0. To do this we substitute this value of β into (1.39) to
gether with our estimate of β and its standard error. If the 
hypothesis is correct, this will give us a value of t equal to 

( 2 . 8 8 - 1 . 0 ) _ 1.88 
1 - 0^5 - ΊΠ85 -A-In-

Consulting the t distribution on 28 degrees of freedom, we 
find that a value of t as large as 2.211 (or as small as —2.211 ) 
could be expected to occur by chance less than one time in 
twenty but more frequently than one time in a hundred, 
so that as a chance event it would be fairly rare. Hence on 
the basis of this test it seems unlikely that the true value of 
β is 1.0. 

An important application of this procedure is to test 
the hypothesis that α and/or β are zero, α measures the in
tercept of the regression line on the Y-axis, and β measures 
the gradient of the regression line. If the hypothesis that 
α = 0 were not rejected on the basis of a test of significance, 
this would imply that our sample observations were compat-
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ible with a true regression line which passed through the 
origin of the axes, a result which might or might not be in
teresting, depending on the situation in which the regression 
was being fitted. On the other hand, if the test of significance 
does not reject the hypothesis that β = 0, the result is much 
more interesting, since when β = 0 the regression line would 
be parallel to the X-axis, and the implication would be that 
X was varying without affecting the values of Y. In other 
words, knowledge of X gave us no information about the 
behaviour of Y; Y could not be said to be dependent on X. 

In the case when we wish to test the hypothesis that α 
and /or β = 0, (1.38) and (1.39) reduce to 

t = <x/s.e.(<x) (1.40) 

and t = ß/s.e.(&). (1.41) 

Hence the test for this hypothesis is the simple one of di
viding the estimated value of the parameter by its standard 
error and then finding the probability of the resulting t 
value having occurred from tables of the t distribution on 
(n — 2 ) degrees of freedom. A rough test can be performed 
simply by inspection. For the 95% probability level the 
value of t decreases from 2.306 with a sample of 10 to 1.96 
when the sample size becomes infinite (in which case the t 
distribution becomes identical with the normal distribution). 
Hence ignoring sample size, a value of t which was less than 
2 could occur by chance with a probability of 0.95, and un
less the parameter estimate is at least twice its standard 
error the result will not be significant, since it would not 
refute the hypothesis that the true value of the parameter 
was zero. When presenting the results of regression analysis 
it is now both conventional and convenient to print the 
standard errors in parentheses under the parameter esti
mates to which they refer, so that a quick test for the signif-
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icance of the estimates can be carried out by inspection. 
Thus the results of the earlier example could be presented 
in the form 

Y = 128.5 + 2.88X. 
(38.2) (0.85) 

We have now discussed the computation and properties 
of least squares estimators, the calculation of confidence 
intervals and the procedure for tests of significance. We shall 
now proceed to derive a new statistic which measures the 
explanatory power of the least squares regression line, that 
is, how much of the total variation of Y can be explained 
in terms of its dependence on X. It will be convenient to 
do this by way of the discussion of another method which 
is available for the analysis of the linear association between 
two variables, namely the method of Correlation Analysis. 

1.4 Correlation Analysis 

An alternative measure of the linear relationship be
tween two variables is provided by the correlation coeffi
cient, r. Consider a sample of η observations on two variables, 
X and Y, X l 5 . . . ,Xn and Yx,.. ., Yn which can be shown in a 
scatter diagram as in Figure 1.4, and let us construct a new 
set of axes parallel to the original axes but having their ori
gin at the point (X, Y). Measuring the X's and Y's in terms 
of deviations from the sample means, we now consider 
our sample of η observations as x l 5 . . . ,xn and y l 5 . . . ,yn. 
They will be distributed between the four quadrants of the 
new axes, and if we number these quadrants I through IV, 
we see that the x's and y's will both have positive signs in 
quadrant I, so that the product x^j will be positive for 
points in this quadrant, while for all the points in quadrant 
III both Xi and yi will be negative, so that their products 
Xiyi will be positive. On the other hand, for all the points 
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in quadrants II and IV, x, and y{ will have opposite signs, 
so that their product XjVj will be negative. Hence if the 
points in the sample tend to fall mostly in quadrants I and 

η 

H!, J ] XÌVÌ will be positive, while if the points fall mainly in 
i = l 

quadrants II and IV, the sum of products will be negative. 

Y 

• 

• 

III 

I 

• 
• 

<Χ,Ϋ> y , ν 

• · · 

Figure 1.4 

If the points are scattered at random over all four quad
rants, the positive and negative x ^ will tend to cancel 
each other out, so the sum of products will tend to be close 

η 

to zero. Hence 2 xiYi c *n be used as a measure of the asso
i e 

ciation between the X's and the Y's. 
However, EXJVJ is subject to two criticisms as a measure 

of association: it is dependent on the number of observa
tions in the sample, and it depends on the units of X and Y. 
We can correct for the first criticism by dividing the sum 
of products by n, so that we consider the average of the sum 
of products which will not fluctuate directly as the number 
Of observations in the sample is increased. The second crit-
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icism can be met if the average sum of products is divided 
by the product of the standard deviations of X and Y, since 
this product will have the same units as the sum of products 
of χ and y and hence the ratio will be a pure number, inde
pendent of any change in the units of measurement of X and 
Y. The ratio which results from this operation is called the 
coefficient of correlation, r. 

r = - | ^ (1.42; 
nb x ο γ 

where 

< : ;_|/ς(Χ,-Χ)° a n d s Y =y s < Y -- Y > a . 

For purposes of computation the following alternative forms 
of r are convenient 

η Σ Χ Υ - ( Σ Χ ) (ΣΥ) 
r = 

ν η Σ Χ 2 - ( Σ Χ ) 2 ν η Σ Υ 2 - ( Σ Υ ) 2 

y WÎWT ' 
(1.43) 

It is easy to demonstrate that r takes the values +. 1 
when all the points fall on a straight line, the sign depend
ing on whether the line has a positive or negative slope. 
Consider Figure 1.5, in which all the points fall on a straight 
line which makes an angle of θ with the horizontal axis. In 
this case we may use the result that tan θ = y /χ to substi
tute Xi tan θ for yi in the second relationship of (1.43) which 
gives 

_ Σ χ ^ η θ _ 

ν(Σχί 2)(ΣχιΗαη 2θ) ~ 

Some interesting results emerge if we compare the cor-
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relation coefficient with the estimates we would obtain if 
we fitted a straight line to the sample of η observations by 
the method of least squares. From (1.16) we have $ = 

Sxy 
Σ χ 2 

-, and combining this with (1.42) gives 

(1.44) 

so that we see a close relationship between the correlation 
coefficient and the regression coefficient which estimates 

^•-•-

. . . ' · · 

. · ' <y, 
- l e i ι ' <X. ?» * i 

Figure 1.5 

the slope of the regression line. This close connection between 
the correlation coefficient and the least squares regression 
line can be further extended to give a measure of the ex
planatory power of a regression line fitted by this method. 

•We may derive from (1.29) the relationship that 

yi = yi + ei 

and squaring and summing over the η values in the sample 

we have 
Eyi2 = Σγί2 + Σβι2 + 2Σγ&. 

Consider the third term on the right hand side, substituting 
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for fi from (1.15) and βί from (1.29) gives 

ΣΥιβ, = ßlxi (y ,-βχι) = β ( Σ χ ι Υ ί - β Σ χ , 2 ) = 0 by ( 1.16). 

Thus Σνι2 = Σγί2 + Σθΐ2. (1.45 ) 

That is we can split the total variation of the Y's about 
their sample mean into two parts. The first consists of the 
variation of the Y's about their mean (which can be shown 
to be Y, since averaging Ϋ = <x + ßX and substituting for 

ά gives Ϋ - a + ßX = (Ϋ - ßX) + ßX - Ϋ). This com
ponent measures the amount of the variation in the Y's 
that is accounted for by the regression line of the relation
ship of Y on X. The second part consists of the sum of squares 
of the residuals from the fitted regression line and measures 
the variation of Y which is not accounted for by the regres
sion of Y on X. 

Consider the ratio of the sum of squares explained by 
the regression line to the total sum of squares, i.e., 

^ • • ^ - ^ - ^ { 1 M ) 

This result shows that we may use the square of the corre
lation coefficient as a measure of the explanatory power of 
the linear regression of Y on X. If r were 0.8, this would in
dicate that 64% of the total variation of the Y's about their 
sample mean could be explained by the least squares regres
sion of Y on X. 

It was shown above * that r is equal to unity when all 
the points lie on a straight line. The same result may be 
demonstrated by means of (1.46), and we may show that the 

1. See page 48. 



maximum range of r2 is between zero and one. Substituting 
for Σγί2 from (1.45), we have 

Σ ν ^ - Σ ^ 2 Σ θ ι* 
~ Σ Υ ί

2 Σ Υ ί

2 

Clearly the minimum value of r2 will be zero when none of 
the variation is explained by the regression line, and the max
imum value of r2 will be unity when all of the variation is 
explained by the regression line, in which case Σβι2 = 0. 
It follows that the limits of r must be + 1. 

Although the correlation coefficient and the least squares 
regression line are closely connected, there are some important 
differences in the theoretical assumptions behind these two 
methods which are worth considering. It is also convenient 
to pause here to discuss the connection between causality 
and relationship which was mentioned earlier. 

During the early period of the development of statistical 
theory, correlation analysis enjoyed a great vogue and was 
often used in a very indiscriminate fashion. Statisticians 
tended to infer from a high correlation that a high degree 
of causality must also exist. This attitude was attacked by 
the English statistician, Yule, in the 1920's in a now classic 
article,1 in which he pointed out that a high degree of cor
relation was no proof of any causal relationship between 
the two variables concerned.2 He pointed out that there 

1. G.U. Yule, «Why do we sometimes get nonsense-correlations 
between time-series? — A study in sampling and the nature of time-
series», Journal of the Royal Statistical Society, Vol. 89, No. 1, (1926), 
pp. 1-64. 

2. It is interesting to note that similar arguments have been put 
forward in recent discussions of the relationship between smoking and 
lung cancer. It has been argued by the tobacco manufacturers that a 
high correlation between smoking and lung cancer cannot prove that 
smoking is the cause of lung cancer and that it would be just as reason-
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were particular problems in the use of correlation analysis 
with data which were collected in the form of time series, 
since if two veriables were growing over time, we would 
find a high correlation between them even if they were caus
ally independent. He gave as examples of this the facts that 
a high correlation could be found between the number of 
births in Norway and the number of storks seen nesting in 
the area, and also between the number of crimes of a serious 
nature in Great Britain and membership of the Church of 
England. Both are examples of «spurious» correlation. In 
the second case, for example, population was growing over 
the period in which the observations were collected, and 
with an increased population, one might expect to find more 
people with any given characteristic in absolute terms even 
if the proportion in the population remained constant. This 
failure to allow for the effects of population growth gave 
rise to the seemingly high correlation between variables which 
do not seem to be causally related. 

However, while Yule's work had the healthy effect of 
making statisticians more cautious in their use of correla
tion analysis, the reaction against the use of time series data 
went to the other extreme, to the extent that it was even 
argued that the fact that data were collected over time made 
them extremely suspect if not completely unreliable. Now 
attitudes have tended to return to a more moderate position, 
somewhere between uncritical application of statistical tech
niques and complete distrust of data in the form of time 
series. This would seem to be a more reasonable view since 
while time series do present particular problems * these 
problems are not necessarily insoluble. There are a number 

able to argue that lung cancer was the «cause» of high rates of cigarette 
smoking. Statistically this argument is correct even if it leaves some
thing to be desired from the point of view of common sense. 

1. Some of the problems of time series will be discyssed in Chapter 4, 
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of reasons why the use of regression methods rather than 
correlation analysis might be advocated, but these have very 
little to do with the problems of time series. 

One reason is that we get more information from regres
sion analysis than from correlation analysis. In general we 
are not interested only in the fact that a linear relationship 
exists between Y and X; we usually want to know something 
about the mathematical form of the relationship and in 
particular the slope of the relationship. In much of economic 
theory the slope of a relationship has particular significance. 
For example, if we consider the relationship between aggre
gate consumption and aggregate disposable income, the 
slope of this relationship is the marginal propensity to con
sume. While calculating the correlation between aggregate 
consumption and aggregate disposable income might reveal 
evidence of a marked linear relationship, it tells us that the 
corresponding values of consumption and income tend to 
fall on a straight line, but it gives no information about the 
slope of this line. To estimate the slope of this line (and hence 
the marginal propensity to consume) we have to apply re
gression analysis. 

It may also be noted that while the necessary theory for 
applying tests of significance to the estimates from regres
sion analysis has been developed, nothing has been said so 
far about tests of significance for the correlation coefficient. 
The necessary theoretical framework will now be given for 
applying tests of significance to correlation coefficients; 
then we may compare the restrictiveness of the assumptions 
involved in correlation and regression analysis. 

A test of significance for r exists, but only on rather special 
assumptions about the distribution of the X's and Y's. If 
we assume that our η X's and Y's are a sample from a bi-
variate normal population with parameters μχ, μ, , <s\, σ̂ , and 
ρ, then we can develop a theoretical treatment of the dis-
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tributioii of r. Even on these assumptions the distribution 
of r is skew and far from normal, but it is found that the fol
lowing transformation gives a very good approximation to 
a normal distribution. If we define 

1 1 4- r 
ζ = Τ · Ζ η Γ = 7 ( 1 · 4 7 ) 

where In means logarithm to the base e, 
then ζ has a distribution which is approximately normal 
with mean 

-s- In and variance ^-. Hence 
2 1 — ρ (η — 3) 

•lfa(l + r ) / ( l - r ) — l / n ( l + p ) / ( l - p ) 

Z " l/V(n-3) ( 1 , 4 8 ) 

has a distribution which approximates to Ν (0,1), the stand
ard normal distribution. 

To test the hypothesis that ρ = p0, we substitute p0 for 
ρ in (1.48) and then use tables of the standard normal dis
tribution to find the probability of obtaining the resulting 
value of ζ by chance. The hypothesis which we wish to test 
in many situations is that ρ = 0, in which case (1.48) re
duces to 

. • V ( ° - 3 ) la(i±iL. ( 1 . 4 9 ) 

2 ( 1 — r) ' 

For example, if we have a sample of twelve observations of 
X and Y and find that the correlation coefficient between 
them is 0.92, we may discover whether there is a significant 
correlation between X and Y (that is, test the hypothesis 
that ρ = 0) as follows. Substituting (n-3) = 9 and the 
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value r = 0.92 into (1.49), we have 

z = 4 - M 1 . 9 2 / 0 . 0 8 ) = 4.77. 
À 

From the table of the standard normal variable we find that 
a value of ζ as large as 4.77 would occur by chance less than 
once in a thousand times, which suggests that on the basis 
of the evidence of this sample a significant correlation exists 
between X and Y. 

It is worth summarizing here the differences between 
the assumptions in the correlation and regression models. 
To carry out tests of significance in the correlation model 
we have to assume that X and Y come from a bivariate nor
mal population, whereas to carry out the tests of signifi
cance in the regression model we have to assume that the 
random errors Ui are normally distributed with zero mean 
and constant variance and are independent of one another. 
If we think of an example from economics, say the case of 
the consumption function, we have to assume in the case of 
correlation analysis that Gt and Yt come from a bivariate 
normal distribution, while in the case of regression analysis 
we assume nothing about the distribution of Q and Yt but 
make the assumption that the random errors are normally 
distributed and independent. Hence it can be seen from this 
comparison of the assumptions that the correlation model 
makes more restrictive assumptions than the regression mod
el. Although there is a close connection between the corre
lation coefficient and the regression equation derived under 
the method of least squares, the method of regression anal
ysis is more general in terms of both its assumptions and 
the information that it provides. Correlation analysis can 
be useful in many situations, but one should be clear about 
the assumptions upon which it is constructed. 

We have so far considered the regression of Y on X, but 
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similar results may be obtained for the regression of X on Y. 
The regression lines will not be the same, since if we regress 
Y on X, we are assuming a set of random errors Ui which 
are independent of the X's and we minimize the sum of 
squares in the Y dimension, whereas if we regress X on Y, 
we assume a relationship 

Xi = γ + SYi +vi 

where Vi are a set of random errors which are independent 
of Yj but have the same properties as the Ui defined in (1.3) 
and (1.4). We may then obtain identical results for γ and S 
as for α and β by substituting X for Y throughout the equa
tions in the previous sections. 

1.5 Non-linear Relationships and Transformations 

In Chapter 2 we shall discuss the general model for least 
squares regression which includes both non-linear regression 
and the case in which we have more than one dependent 
variable. However, before we go on to the general model 
it is convenient to consider a number of non-linear relation
ships which are of interest in economic research and which 
can be reduced to the linear case already discussed by a 
suitable transformation. The first case we shall consider is 
a relationship which is a suitable model for situations in
volving compound rates of growth. Suppose Y is a variable 
which grows according to the growth pattern 

Y = ABX 

where Β = 1 + r, 

r being the rate of growth. 
This is an exact relationship, and with empirical data for 
estimation purposes we shall assume that we have a set of 
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observations over time which do not fit this relationship 
exactly but are rather represented by 

Yt = AB*vt, (1.50) 

where the Vt are the random errors in the relationship. In 
our original linear model the relationship was additive in 
terms of the errors and variables; here we assume a multi
plicative model. In effect we are assuming that the random 
errors in this model are proportional to the values of the Y's. 
This change in the assumptions is important to note, since 
we should consider this when deciding to apply this model 
to particular situations. If we now take the logarithms of 
both sides of (1.50), 

logYt = logA + t(logB) + logv t (1.51) 

and if we put 
log Yt == Yt' 

log A = α 

log Β = β 

log vt = u t 

we may rewrite (1.51) as 

Yt' = a + ßt + u t (1.52) 

which is our basic linear model. The assumption of a multi
plicative error in (1.50) leads to an additive error in the 
transformed model (1.52), and this relationship can now 
be estimated by the method of least, squares which has been 
described above. 

Another non-linear relationship which has been used 
widely in economic research is one of the form 

Yt == AXt
b. 
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Taking logs of both sides of this equation we have 

log Yt = log A + b log Xt 

which is of the form 

Yt' = α + ßXt'· 

This relational form has been used a great deal in statistical 
analysis of consumer behaviour since it corresponds to the 
assumption that the relationship between X and Y has 
constant elasticity. 1 Many other nonlinear functions can 
be set up, but the cases considered here should be sufficient 
to illustrate the possibilities of logarithmic transformations. 2 

1. See J.R.N. Stone, The Measurement of Consumers' Expenditure 
and Behaviour in the United Kingdom, 1920-1938 (Cambridge : Cambridge 
University Press, 1954). 

2. For further discussion of non-linear functions and transformations 
see J. Johnston, Econometric Methods (New York : McGraw-Hill, 1963), 
Chapter 2. 
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CHAPTER 2 

THE GENERAL LEAST SQUARES MODEL 

2.1 Introduction 

Having considered the simple least squares model in 
which there was one independent variable, we may now ex
tend the analysis to the general case. This extension can 
take place in one of two ways. We can consider a linear re
lationship which includes more than one independent var
iable, so that we have 

Yi = ß0 + fcX,! + ß2X2i + . . . + ßkXki (2.1 ) 

or we could consider the case in which Y is a function of X 
but where the relationship is non-linear and can be represent
ed by a polynomial expression in X, for example, 

Yi = ßo + ßiXi + β2Χι2 + · - · + ßkXik- (2.2 ) 

The results developed in Chapter 1 extend quite easily to 
cover these cases; we shall consider next the situations in
volving two independent variables and then a second order 
polynomial. Beyond this, however, the algebraic manipu
lation becomes extremely cumbersome, and to consider the 
most general case, in which we have k independent variables 
or a polynomial of order k, it will be more convenient to set 
up the model in terms of matrix algebra to obtain the 
general results.1 

1. It is not possible to develop the necessary matrix algebra within 
a short text, and it is assumed that the reader either has some knowl-
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2 . 2 Least Squares Regression wi th Two Independ
ent Variables 

We shall now consider a model in which Y' is a linear 
function of two independent variables, Xt and X2, which 
can be expressed as 

Y' = ß0 + ß Ä + ß2X2. (2.3) 

The assumptions which are now made are analogous to those 
contained in Chapter 1. We assume that what we observe 
is a sample of size η of Y, Xx and X2, which are related by 

Yi = β0 + ß lX l i + ß2X2i + Ui (i = 1 , . . .,n) (2.4) 

where the Ui are a set of random errors which obey assump
tions (1.3) and (1.4). We shall also assume that X1 and X2 

can be regarded as a fixed set of numbers which do not 
change from sample to sample,1 in which case 

E(u i X l j ) = X l j .E (u i ) = 0 

using (1.3) with a similar result for E ^ X ^ ) . 

We now proceed to fit the relationship 

Y ^ b o + b ^ + b A i (2.5) 

choosing the values of b 0 , bx and b2 such that the sum of 
squares of deviations from the fitted regression line is a 
minimum. That is, we minimize 

^ ( Y i - b o - b A i - b A ) 2 · (2.6) 
i = l 

edge of matrix algebra or will get this knowledge from some other 
source. To this end a good introduction to matrix algebra is G. Hadley, 
Linear Algebra (Reading, Mass. : Addison-Wesley, 1961). An excellent 
short summary of those results which are necessary for the matrix 
treatment of least squares can be found in Johnston, op. cit., Chapter 3. 

1. See page 26 for the discussion of this assumption. 
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Carrying out the partial differentiation with respect to b0, 
bj and b2, we have 

- J - Σ (Yi - b o - b Ä i - b2X2i) 2 = 

= - 2 Z ( Y i - b 0 - b 1 X l i - b 2 X 2 1 ) = 0 (2.7) 

- Α - Σ (Yi - b 0 - b ^ i - b2X2i)
2 = 

= - 2 Σ X u ( Yi - b0 - b ^ i - b2X2i ) = 0 (2.8 ) 

- A _ Σ ( Y i - b o - b A i - b Ä ) 2 = 

= - 2 ΣΧ2 ί ( Yi - b0 - b*Xu - b2X2i ) = 0 (2.9 ) 

and completing the summation gives the normal equations 

ΣΥΐ = nb0 + b^Xu + baSXa i (2.10) 

ΣΧ,,Υι = b^Xu + b^X}, + b ^ X j A , (2.11 ) 

ΣΧ2 ί Yi = η0ΣΧ2ί + b^X l t X 2 i + b ^ x L (2.12 ) 

We shall denote the values of b0, ba and b 2 obtained by 
solving these equations by β0, βχ and β2. (2.10) gives im
mediately 

^ 0 = Ϋ - ^ 1 Χ 1 - β 2 Χ 2 (2.13) 

and substituting for ß0, in the other two equations we have 

ΣΧΧΥ = ( Ϋ - ß Ä - ß 2 X 2 ) ΣΧΧ + ^X 2 + β2ΣΧ!Χ2 

ΣΧ2Υ = ( Ϋ - ß Ä - ^2Χ2) ΣΧ 2 + fcXÄ + fcZXj. 

Then rearrangement of the terms using the result that 
ΣΧ2 - Χ)ΣΧ) = Σ (Χ, - Xj)2 
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gives 

Σ ( Χ 1 - Χ 1 ) ( Υ - Ϋ ) = ^ 1 Σ ( Χ 1 - Χ 1 ) 2 + 

+ β 2 Σ ( Χ 1 - Χ 1 ) ( Χ 2 - Χ 2 ) (2.14) 

Σ ( Χ 2 - Χ 2 ) ( Υ - Ϋ ) = βχΣ (Χ,-Χ) ( Χ , - Χ . ) + 

+ Ε 2 Σ ( Χ 2 - Χ 2 ) 2 . (2.15) 

If we now define 

σΙ3 = - 1 - Σ ( Χ 1 - Χ 1 ) ( Υ - Ϋ ) and σ? = i - Σ(Χ ί - Xi)2, 

we may rewrite (2.14) and (2.15) in the form 

σΜ = Ρισ1» + Ρ Λ , (2.16) 

ff23=^i2 + ^ 2 2 (2.17) 

and solving these two equations for (̂  and β2 we have 

ί » σ » · σ ι»- σ »- σ » ' (2.18) 

J12 
η 

σ 2 3 · σ 1 2 

σ 2 — 
12 

σ 1 3 · σ 1 2 

— <*13· 

σ!8.σ2 

— σ23· 

,σ2

2 

2 

V 
Ε 2 = - " 2

12 Γ Υ . (2.19) 
σ^-σ,-.σ 

Using the same methods as those developed in Chapter 
1 we could proceed to show that the least squares estimators 
were unbiased, derive their variances and prove that they 
were smaller than the variances of any alternative linear 
unbiased estimators. However, the algebraic manipulation 
becomes extremely tedious and we shall defer the formal 
treatment* and consider now the algebraic form of the 

1. See Section 2.3 below. 
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Solution for the case of k variables. Here the model is 

Y, = b 0 + biXii + b2X2i + . . · + b kX k i + H, (2.20) 

and the sum of squares of residuals to be minimized 

| ] ( Y 1 - b 0 - b 1 X l i - . . . - b l c X k i ) 2 . (2.21) 
i = l 

Differentiating partially with respect to the b's and setting 
these derivatives equal to zero gives a set of (k + 1 ) equa
tions 

^ ~ X ( Y 1 - b e - . . . - b k X k i ) 2 = 

CT_2E(Yi-b0-...-bkXki) = 0 (2.22) 

d 

db 
• Z ( Y i - b e - . . . - b k X u ) » = 

= - 2 E X j l ( Y I - b 0 - . . . - b k X k i ) = 0 (2.23) 
j = l ,2, . . ,k. 

From these relationships we can derive the (k + 1 ) normal 
equations 

ΣΥΐ = nb0 + b^Xjt + . .. + b kEX k i (2.24) 

EXjiY, = b 0 ΣΧ;, + b^X^Xj! + . . . + btEXtiXj, (2.25 ) 
j = l . . . k. 

(2.24) yields 

Po = Ϋ - ß Ä - ß Ä - · · · - P Â (2.26) 
and substituting (2.26) into (2.25) gives a set of k equations 
in the same form as (2.14) and (2.15), i.e. 

S ( X j i - X j ) ( Y i - Y ) = p 1 E ( X l i - X 1 ) ( X j i - X j ) + 

+ . . . + P , ^ ( X k i - X k ) ( X j i - X j ) (2.27) 
j = l , . . . ,k . 

We then obtain the ß's by solving these k equations. 
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The case of the second order polynomial can be quickly 

dealt with, since the results are analogous to those obtained 

above. The model is 

Y i ^ b o + ^ X i + b ^ + Ui (2.28) 

and we minimize the sum of squares 

2 ( Y I - b e - b 1 X i - b 1 X t « ) » . (2.29) 
i = i 

Partial differentiation of (2.29) leads to the following set 

of normal equations to be solved for the least squares esti

mates 

ΣΥί = nb 0 + b ^ X i + b2XXi2 (2.30) 

EXiYi = boIXi + b ^ X i 2 + b 2EXi 8 (2.31) 

EXi2Yi = b0XXi2 + b ^ X i 3 + b 2EXi 4. (2.32) 

2 . 3 T h e General Regression Model 

The discussion in the previous section shows that the 

equations obtained through the method of least squares 

have a similar form whether we are dealing with two inde

pendent variables or with a second order polynomial. We 

shall now go on to consider a very general treatment of the 

least squares model for the case where we have k independ

ent variables;1 but the matrix operations to be perform

ed are the same if we consider the problem of fitting a poly-

1. The general model which was given for k independent variables 
in (2.20) involves (k + 1) parameters. The model will be amended 
slightly now, β0 being dropped and X! being set equal to unity. This 
does not affect the generality of the results and has the advantage of 
avoiding unnecessary complication in the notation. 
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nomial of order k, and for this reason the latter case will 
not be discussed in great detail. 

The general model may be written as 

Yi = fc + ß2X2i + ß3X3i + - - - + ßkXki + Hi (2.33 ) 
i = l , . . . , n 

and since there are η observations on each of the variables 
the model when written out in full is a set of η equations 

Yi = ßi + Ρ ι Χ η . + · · · + ßkXki + % 

Y2 = ßi + ß2X22 + • · - + ßkXk2 + u2 

(2.34) 

Yn = ßi + ß2X2n + - - - + ßkXkn + Un. 

We shall now define the following vectors and matrices * 

Yi 

Yo 

Yn 

x = 

1 X 

1 X, 

2 1 

1 X 2Π 

• Xki 

• X k 2 

• Xkn 

ß = 

ßl 

ß2 

ßk 

u = 

Ul 

u2 

U n 

(2.35) 

Using (2.35) we may rewrite the η equations of (2.34) as 

Y = Xß + u . (2.36) 

1. It is conventional in matrix notation to use the first subscript 
to refer to the rows of the matrix and the second to refer to the columns. 
In statistical theory a different convention has become established, 
in which Xji refers to the ith observation on the jth variable and is thus 
the reverse of the convention used in matrix algebra. It should be noted 
that the statistical convention is being used here. All vectors and ma
trices will be printed in bold type in the text. 
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The problem is to estimate the vector of ß's, and to do 
this we have to make a number of assumptions about the 
distribution from which the u's are drawn. 

These assumptions correspond to those made in (1.3) 
and (1.4) and are 

E(u) = 0 (2.37) 

Ε (απ') = σ2Ι (2.38) 

X is a fixed set of numbers (2.39) 

The rank of X is k < n . (2.40) 

The first two simply state (1.3) and (1.4) in terms of vectors 

and matrices. (2.37) could be rewritten as E ( U J ) = 0 for 

all i, i = 1,.. .,n. (2.38) can be seen to incorporate both parts 

of (1.4) if we consider the product u u ' in more detail. It is 

the product of a column vector and a row vector, both con

taining η elements, and the result is a square matrix of 

order n, 

u u 

[u x u 2 . . . u n ] U^ UiU^.U^Un 

υ 2 % U2

2 . . . U2Un 

UnUi u n u 2 . . . Un

2 

Then taking expected values we have 

E ( u x

2 ) E ( u 1 u a ) . . . E ( u 1 u n ) ~ 

E ( u u ' ) = 

E ( u a U l ) E ( u 2

2 ) . . . E ( u 2 u n ) 

E(unUi) E ( u n u 2 ) . . . E ( u n

2 ) 
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σ8 Ο ... Ο 

Ο σ 2 . . . 0 

= σ2Ι 

Ο Ο 

The terms on the main diagonal show that E (UÌ 2 ) = σ2 

for all i, which was the condition that the u's have a con

stant variance given in the first part of (1.4).The off-diagonal 

terms show that E (UjUj ) = 0 for i φ j , which was the condition 

that the u's should not be correlated with one another, given 

in the second part of (1.4). Assumption (2.39) is that the 

elements of X can be regarded as a set of constants which 

do not vary from sample to sample, and this was discussed 

in Chapter 1. (2.40) is new and deserves some discussion. 

X is a matrix of order (η X k), and the assumption that the 

rank of X is less than η is simply that we have more obser

vations than the number of parameters to be estimated. The 

restriction that the rank should equal k implies that all the 

k columns of X are independent of one another, that none 

of them can be derived as linear combinations of some of 

the others. If this were the case, the rank of X would be less 

than k, and in this case the determinant of the matrix X'X 

would vanish so that we could not invert the matrix X'X. 

In this case the method of least squares would break down. 1 

We now derive the least squares estimates along the lines 

1. The problem which arises when the inverse of the matrix X'X 
does not exist will be discussed later as the problem of multicollinearily. 
See Chapter 4 Section 4,4, 
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developed in Chapter 1. Defining the two column vectors 
b and e 

b = 

bi 

La 

e = 

e, 

we may write the regression line to be fitted as 

Y = Xb + e (2.41) 

and we shall determine a set of estimates which minimize 
the sum of squares of the e's, the residuals from the fitted 
regression line. In matrix form the sum of squares of residuals 
may be written 

η 

2 ei2 = e'e 

= (Y-Xb)'(Y-Xb)f 

= Y'Y-b'X'Y - Y'Xb + b'X'Xb 

= Y'Y - 2b'X'Y + b'X'Xb (2.42 ) 

by substituting for e from (2.41) and using the fact that 

b'X'Y =Y'Xb, since b'X'Y is scalar and thus equal to its 
transpose. 
We now find the values of the b's which minimize (2.42) by 
partial differentiation of (2.42 ) with respect to b and, if we 
denote the least squares estimates by β, 

— (e'e) = - 2ΧΎ + 2Χ'Χβ. (2.43) 
aß 

Equating (2.43) to zero gives 

X'Xß = X'Y 
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and, by virtue of (2.40), the inverse of X'X exists, so that 

β ^ Χ ' Χ ^ Χ Ύ . (2.44) 

This is the basic relationship for the model of least squares 

regression and we shall illustrate it by considering the simple 

regression analysis, with one independent variable, which 

was discussed in Chapter 1.1 

Writing out the simple regression model in full, we have 

Y ^ A + b Ä + β! 

Y2 = b 1 + b 2X 2 + e2 

Yn = bi + t>2Xn + en 

which may be written as 

Y = X b + e (2.45) 
where 

Yi 

Y2 

Yn 

x = 

1 X, 

ι x 2 

i X n 

1. In practice we would not solve (2.44) from first principles but use 
one of the convenient computing procedures which have been developed 
for the inversion of symmetric matrices, the most popular being the 
Doolittle Method. The computational technique will not be discussed 
here but can be found in any text on Numerical Methods or in a number 
of statistical textbooks. See, for example, G. Tintner, Econometrics 
(New York : Wiley, 1952), Appendix 2, or M. Ezekiel and K. A. Fox, 
Methods of Correlation and Regression Analysis, 3rd ed. (New York : 
Wiley, 1959), Appendix 2, for a summary of a number of convenient 
computing procedures. 

e2 

en 
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Now consider the product X'X 

1 1 . 

X X X 2 . 

1 

Xn 

1 x x 

1 X 2 

1 Xn 
— — 

η ΣΧί 

SXi ΣΧί2 

We may note that X'X is a symmetric matrix which is true 

whatever the value of k. We may now invert this matrix 

from first principles. The determinant of X'X is 

η Σ Χ ΐ 2 - ( Σ Χ ΐ ) 2 

and the transpose of the matrix of cofactors is 

ΣΧί 2 - Σ Χ ί 

- Σ Χ ί η 

and combining these two results gives 

(X'X)-! = 
1 

η Σ Χ ί 2 - ( Σ Χ 0 2 

ΣΧί2 - Σ Χ ί 

•ΣΧί η 

We also need to calculate Χ Ύ 

X'Y = 
1 1 

Xx X 2 

1 

Xn 
Y2 

Yn 

ΣΥί 

ΣΧίΥί 
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and combining these results we have 

η Σ Χ ΐ 2 - ( Σ Χ ι ) 2 

ΣΧί 2 - Σ Χ ι 

Σ Χ Ϊ η 

ΣΥΐ 

ΣΧίΥΐ 

from which we have 

Ρ, 

Σ Χ ΐ

2 Σ Υ ΐ - Σ Χ ί Σ Χ 1 Υ ί 

η Σ Χ ί 2 - ( Σ Χ 0 2 

η Σ Χ ι Υ ι - Σ Χ ί Σ Υ , 

η Σ Χ ί 2 - ( Σ Χ 0 2 

and by simple manipulation we may obtain the estimates 

given in (1.12) and (1.16). 

Having illustrated the general result for this simple case 

we shall now go on to consider the properties of the estimates 

obtained from the least squares model. From (2.44) it is clear 

that the ß's are linear functions of the Y's since (X 'X) - 1 X' 
involves a set of X's which are defined by assumption 
(2.39) as constants. We shall now consider the expected 
values of the ß's. To do this we substitute for Y from (2.36) 
into (2.44) 

β = (X 'X) - iX ' (Xß + u ) = ( Χ ' Χ ^ Χ ' Χ β + 

+ ( X ' X ^ X ' u = β + ( X ' X ^ X ' u (2.46) 

since (X'X) - 1 X ' X = I. Taking expected values 

E(ß) = ß + E(X'X)- 1 X'u 

= ß + ( X ' X ^ X ' E i u ) = β (2.47) 

since we assumed by (2.39) that X is a fixed set of numbers, 

and E(u) = 0 from (2.37). Thus the (J's are unbiased esti-
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mates of the ß's. The matrix of variances and covariances 
of the β's is found by considering 

Ε [ ( β - β ) ( β - β ) ' ] . 

From (2.46) we have 

( ß - ß ) = (X'X)-*X'u 
and 

v a r ( ß ) = E [ ( ß - ß ) ( ß - ß ) ' ] 

= E f t X ' X ^ X ' u ] [ ( X ' X ) - 1 ^ ] ' 

= E [( X'X )"! X uu'X ( X'X)-1] 

= (X'X^X'Eiuu 'JXiX'X)" 1 

^ ( Χ ' Χ ^ Χ ' σ ^ Χ ί Χ ' Χ ) - 1 by assumption (2.38) 

= σ2 (X'X)"1 X'X ( X'X J"1 = σ2 (X'X )-* (2.48 ) 

since σ2 is scalar and may be placed anywhere on the right 
hand side of the equation, and since (X'X)-1 X'X = I. 
Hence the variances of the β's are obtained by multiplying σ2 

by the main diagonal elements of (X'X)-1 and the covariance 
between ßi and ßj is obtained by multiplying σ2 by the ijth 
element of (X'X)-1. 

As in Chapter 1 it will be noted that the variances (and 
covariances) of the ß's depend on σ2, which is generally un
known and has to be estimated. It was shown there that 
the best estimate of σ2 was obtained by dividing the residual 
sum of squares by (n-2), and in the same way it can be 
shown for the general model that the best estimate of σ2 is 
obtained by dividing the residual sum of squares e'e by 
(n - k). This may be shown as follows 1 if we make some 

l.The minimum variance property of the least squares estimators 
will not be proved here, but a short proof of the result may be found in 
Johnston, op. cit., pp. 110-112. 
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simple substitutions from the equations derived abovç. By 
definition 

e = Y - Xß 
<*. 

and if we substitute for Y and β we have 

e = Xß + u-X [(Χ'Χ^Χ'ίΧβ + π)] 

= Xß + u - X (Χ'Χ)"1 X'Xß - X ( X ' X ) - 1 X'u 

= u — XfX'Xl^X'o 

since X (XX)"1 X'Xß == Xlß = Xß and hence 

e= [l-XiX'XJ^X'V (2.49) 

Let us define 
T = I -X(X 'X) - 1 X' (2.50) 

and consider two properties of Τ which we shall use in find
ing the expected value of the sum of squares of the residuals, 
e'e. We shall show that Τ = Τ' and Τ = Τ2. 

Τ' = [Ι — Χ ί Χ ' Χ ) - 1 * ' ] ' = Ι — Χ ί Χ ' Χ ^ Χ ' = Τ 

Τ 2 = [Ι — Χ ί Χ ' Χ ^ Χ ' Π ΐ - Χ ί Χ ' Χ ^ Χ ' ] 

= Ι - 2Χ ( Χ'Χ )-* Χ + Χ ( Χ'Χ )-ι XX (XX)-1 Χ 

= Ι - Χ ( Χ ' Χ ) - 1 Χ ' = τ 

Using (2.49) and (2.50) the residual sum of squares e'e is 

e'e = u'T'Tu 

and since Τ = Τ' = Τ 2 

e'e = u T u = u' [I - Χ ( Χ'Χ)-1 X']u (2.51) 

e'e is a scalar quantity, since it is the sum of squares of the 
residuals, and the right hand side of (2.51 ) can be expanded 
to give 

e'e^u'Iu-u'XiX'X^X'u. (2.52) 
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Since all the off - diagonal elements of the unit matrix are 
zero, the first term on the right hand side will simply be the 
sum of squares of the u's. The second term will involve the 
sum of squares of u's, weighted by the corresponding diago
nal elements of X (X'X) _ 1 X / , plus products of UjUj which 
are weighted by the corresponding off-diagonal elements 
of X (X'X) - 1 X'. When we take expected values and use as
sumption (2.38), the first term, u ' lu , reduces to ησ2, since 
each Ui2 has an expected value of σ2 and each of the η weights 
is unity. The second term reduces to the sum of k terms, 
each one involving E ( U J 2 ) weighted by the corresponding 
element in themain diagonal of X(X'X) _ 1 X', since all the 
terms involving E(UÌUJ) - 0 by (2.38). As E(Ui2) = σ2 for 
all i, the second term on the right hand side of (2.52) is σ2 

multiplied by the sum of the elements in the main diagonal of 
X (X'X) - 1 X'. We shall denote the sum of elements on the 
main diagonal of a matrix as the trace, written t r X (X'X) _ 1 X'. 
I t can be shown 1 that in considering the trace of the 
product of two or more matrices, the order of the multipli
cation may be changed, provided that the matrices are 
conformable. Using this result, we have 

t r X i X ' X ) - 1 ^ = tr (X'X)- 1 X'X = t r I = k 

since the unit matrix in the equation will be of order k. Hence 

E ( e ' e ) = ησ2 — ka 2 = ( n - k ) o 2 . (2.53) 

This result enables us to define 

S 2 = , —. . (2.54) 
( n — k ) 

as an unbiased estimator of the variance of the random er

rors σ2. Thus in using the result derived in (2.48) for the var-

1. See Ibid., Chapter 3. 
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lances of the ß's, we may now substitute S2 as an estimate 
of the unknown σ2. 

I t can also be shown that the sum of squares of the Y's 

about their sample mean can be split into two parts, the first 

showing how much of the variation can be explained by the 

regression of Y on the independent variables and the other 

representing the unexplained portion of the variation of 

the Y's. In Chapter 1 it was shown that the ratio of the ex

plained to the total variation in the Y's was measured by 

the square of the coefficient of correlation between Y and 

X, r 2 . It is possible to extend the theory of correlation to 

the general case involving Y and the k variables, Xj, if we 

consider them as variables having a joint multivariate normal 

distribution, a somewhat restrictive assumption. In this case 

we derive a coefficient of multiple correlation, R, and it 

can be shown * that R is a function of the simple coeffi

cients measuring the correlation between Y and Xi (i = 1, 

. . . , k) and between Xj and Xj (i=fc j , i, j = 1 , . . . , k) . It can 

be shown that a relationship, similar to that established 

for r 2, holds between the square of the multiple correlation 

coefficient and the proportion of the variation of the Y's 

about their sample mean which is «explained» by the re

gression relationship. We shall define R2 as the ratio of the 

explained variation to the total variation in the Y's about 

their sample mean. The total variation of the Y's about 

their sample mean is 

5 > 2 = Σ Y * 2 - « Ϋ2 = ΥΎ - ηΫ2 

i = l i = l 

and, since the mean of the residuals from a regression line 

fitted by the method of least squares is zero, 

Σβί 2 = e 'e . 

1. See Ibid., p. 57, for the case involving three variables. 
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Hence the variation explained by the regression line is 

Z y i

2 - Σβι2 = Y'Y - nY2 - e'e 

and R2 is then 

Y'Y —nY 2—e'e R2 = J L i — _ e e , (2.55 ) 
Y 'Y-nY 2 

Thus the explanatory power of a regression relationship 
fitted by the method of least squares may be expressed by 
computing the value of R2 as defined in (2.55). 

In Chapter 1 it was shown that by making the assumption 
that the random errors were normally distributed it was 
possible to develop tests of significance and construct con
fidence intervals, by using results based on the theory of 
sampling from a normal population. These results may be 
extended to the general regression model if we assume that 
the random errors have a normal distribution. In this case, 
the ß's also have normal distributions and for ßi the mean 
value is ßi with variance xu σ2, where xn is the i-th element 
in the main diagonal of (X'X) - 1 and σ2 is the variance of 
the random errors. In most practical cases, σ2 is not known, 
and we use instead the estimator S2, which was defined in 
(2.54). In this situation we cannot use the ζ transformation 
discussed in Chapter 1 and the standard normal distribution; 
but it can be shown x that if we make the transformation 

t = A z i Ë L = i i l L Ë L (2.56) 
s. e. (pi) SVxü 

with S and x» as defined above, then t is distributed as 
Student's t with (n -k ) degrees of freedom, and the tests 
given in (1.38) and (1.39) may be applied, the only change 
being in the number of degrees of freedom. 

1. See Ibid., pp. 115-118. 
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Thus if with a sample of 25 observations the least squares 
regression of Y on X1} X2 and X3 is found to be 

Y = 138.45 + 7.33X1 + 0.697X2 — 21.89X3 (R2 = 0.93) 
(47.13) (4.29) (0.18) (7.85) 

(where the figures in parentheses are the standard errors 
of the estimates of the parameters) we may test the hy
pothesis that ßi = 0 by calculating 

ti 
B.e.(fo) 

and deriving the corresponding probabilities from the t 
distribution on (n - k) = (25 - 4) = 2 1 degrees of freedom. 
In this case we have for the four estimates 

Variable Value of t 

constant 2.94 
Xt 1.71 
X2 3.87 
X3 2.79 

From the table of values of the t distribution we find that 
with 21 degrees of freedom a value of t greater than 2.080 
(or less than —2.080) could occur once in twenty times by 
chance while a value of t as large as 2.831 (or smaller than 
— 2.831 ) would be expected to occur once in a hundred times 
by chance. Hence, on the basis of this test, we have results 
for the constant and X3 which are significant at the 5% 
probability level, for X2 a result which is significant at the 
1% probability level and for Χχ a result which is not signif
icant at the 5% probability level (although it is significant 
at the 10% probability level, which is 1.645 when t has 21 
degrees of freedom). We may reject the hypotheses that β0, 
β2 and β3 are equal to zero, but on the evidence of this sample 
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we cannot reject the hypothesis that ßx = 0, since a value 
of t as large as 1.71 could occur by chance between one in 
ten and one in twenty times in repeated samples if the 
true value of ß t were zero. 

Let us now summarize the results that have been derived 
for the general case of least squares regression. It has been 
shown how the least squares estimates are obtained, that 
they are unbiased, and how their variances may be calcu
lated.1 A measure of the explanatory power of the fitted least 
squares regression line has been derived in the form of the 
square of the multiple correlation coefficient, and it has been 
shown how the tests of significance which were discussed 
in Chapter 1 may be extended to the case of the general model. 
It is convenient at this point to discuss the measure of «ex
planatory power,» R2, in more detail and also the connec
tion between the tests of significance and the value of R2. 

2 . 4 The Interpretation of Regression Analys i s 

Consider the simple regression model in which we have 
one independent variable which can be represented by 

Yi = α + ßXi + Ui. 

If we knew the values of the random errors tha t were present 
in a particular sample, say ux, . . . , un, then we could define 
the explanatory power of the relationship between Y and 
X as 

1. In addition the method of least squares gives estimates which 
have the minimum variance property though this result has not been 
proved here. 
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Taking expected values of both sides of this expression gives 

E ( k Σ Ε ( Υ ί * ) - Σ Ε [ ( η , - υ ) * ] 

Σ Ε ( Υ ί 2 

f iL = ! _ - . . (2.57) 
( η — 1 ) σ 2 — ( η —1)σ 2 _ σ2—σ,2 . σ,2 

( η - 1 ) σ : 

In taking the expected values, we have a ratio of variances 

each weighted by the factor (n - i ) and, since the factor of 

(n - 1 ) will cancel out, it does not matter whether we work 

with the sums of squares or the variances in calculating the 

measure of explanatory power, k. In practice we do know 

the random errors which occur in any particular sample, 

and we therefore defined our measure of the explanatory 

power of the regression relationship in terms of the residuals 

from the fitted regression line. We defined R2 as 

Σ Ρ · 2 

R 2 = ! **l 

Σγ!2 

and if we take the expected values of both sides of this ex
pression 

E < R s ) = i - i g = i - ^ S i · (2·58) 

From this result we see that the expected value of R2 is not 

equal to the expected value of (2.57), but has an upward 

bias by virtue of the factor (n - 2) / (n - 1). Hence, if we 

wish to interpret R2 not as a measure of the proportion of 

the variation in Y which is explained in a particular sample 

but as an estimate of the proportion of the variation of Y 

which we can expect to explain in repeated regression ex

periments, then it is clear that R2 is a biased estimator of 

the measure k in (2.57), and further, that the bias is upwards, 
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so that R2 overestimates the explanatory power of the re
gression relationship. If we now define 

R2 = ι _ (l _ R2) ( n ~ ^ (2.59) 
(n — 2) 

we have an unbiased estimate of the explanatory power of 
the regression relationship, since taking expected values of 
(2.59), we have 

= l _ 4 - = E(k) 

using (2.58) and (2.57). 
Having derived R2 as an unbiased estimator of the ex

pected explanatory power for the case of one independent 
variable, we shall now give the result for the case of k inde
pendent variables without proof. In the case of k independ
ent variables the corresponding statistic R2 which will be an 
unbiased estimator of the expected explanatory power is 

R2 = 1 - ( 1 - R2) ^ T 1 * (2.60) 
v (n — k— 1) 

since we are now estimating (k-f 1) parameters. In the case 
of large samples R2 and R2 will not differ by very much; 
but with small samples, if the number of parameters to be 
estimated is large in relation to the number of sample obser
vations, R2 may be much smaller than R2 and can even be 
negative, in which case R2 should be taken as being equal 
to zero. It is convenient to have a separate name for the 
square of the coefficient of multiple correlation since it oc
curs so often in regression analysis, and it is now fairly stand
ard terminology to call R2 the unadjusted coefficient of 
determination and R2 the adjusted coefficient of determi
nation. 

E(R2) = 1 (n-D 
( n - 2 ) E 

let2 

Syx2 
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Having fitted a regression line and calculated the estimates 
of the parameters, their standard errors and the coefficient 
of determination, we may be faced with difficult problems in 
interpreting the results of the analysis, since when we consider 
the estimates in relation to their standard errors and examine 
the coefficient of determination, they may seem to suggest 
different conclusions. Casual observation suggests tha t econ
omists tend to put most emphasis on getting a high value 
for R2 while statisticians tend to put more emphasis on the 
estimates of the parameters in relation to their standard er
rors. While it is not possible to derive any general results re
lating the estimates and their standard errors to the value of 
R2 in any particular situation, it is worth considering some 
of the cases that may arise. 1 Two hypothetical situations 
might be considered, first when the estimates of the parame
ters are significant in terms of their standard errors but the 
value of R2 is low, and then when the value of R2 is high but 

1. This is a particularly difficult problem in economic research since 
in many, if not most, cases economic theory specifies the variables which 
we expect to be associated, but says little or nothing about the mathe
matical form of the relationship. Hence research usually takes the form 
of a process of fitting various functional forms and then trying to decide 
which is «best.» A typical situation is often one in which a dozen func
tions have been fitted, the estimates and their, standard errors and R2 

have been calculated and a choice has to be made between them. This 
would not be too difficult if one of the forms stood out from the others 
as being obviously better, but as measured by the value of Ra they are 
usually all about as good or as bad as one another. See, for example, 
A. Zellner, «The Short Run Consumption Function,» Econometrica, 
July 1957, pp. 536-557, in which ten different consumption functions 
are fitted by the method of least squares, the values of R2 ranging from 
0.94 to 0.98. See also Anna Koutsoyianni- Kokkova, An Econo
metric Study of the Leaf Tobacco Market in Greece, (Athens, 1962), 
Chapter 2, for another example in which 15 alternative demand 
functions for tobacco were fitted to data for 14 different countries. 
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some or all of the parameter estimates are not significant when 
compared to their standard errors. In practice the situation 
is somewhat more complicated, since it is also necessary to 
consider the possibility that the random errors may be auto-
correlated, a problem which has not been considered yet and 
which will be deferred until the next chapter. 

Let us consider the situation in which the estimates are 
large in comparison to their standard errors, so that the hy
pothesis that ßi = 0 is rejected, but where the value of R2 

is low. We must first note which of the estimates are signifi
cant since generally the constant term is of less importance 
in economic research than the parameters associated with 
the independent variables. It is clear that if all the estimates 
of the slope parameters are not significant, then the value 
of R2 will be close to zero and the constant term will be sig
nificant, since in this case, with the X's not contributing 
to the explanation of the variation of the Y's, the constant 
term is simply an estimate of Ϋ. On the other hand, the es
timates of the parameters of the independent variables may 
be significant and the value of R2 low. This would imply that 
the X's do explain some part of the variation of the Y's but 
that this is small in relation to the random component in the 
variation. This may be due to the fact that the most impor
tant variables have not been included in the regression re
lationship, or to the fact that the behaviour of the Y's is 
largely random, so that at best only a small component of 
the variation can be explained by regression analysis. Con
sider the following example in which annual Greek data for 
the period 1953-1962 of the yield per stremma of various crops 
was regressed as a linear function of time. The parameter 
estimates are given together with their standard errors and 
the values of R2 and R2. 
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Crop Constant Time R2 R2 

Wheat 12.427 0.3893 0.501 0.439 
(1.275) (0.1374) 

Barley, oats 10.892 0.2166 0.468 0.401 
(0.758) (0.0817) 

Rice 38.096 0.1957 0.091 -0.051 
(2.153) (0.0860) 

Pulses 8.257 0.0371 0.141 0.034 
(0.030) (0.0324) 

The regression of Pulses on time is included as an example 
of the case which was discussed earlier, since here we have 
a low value of R2 and an estimate of the parameter which 
is not significant, while the estimate of the constant is signif
icant. This estimate of 8.257 may be compared with the mean 
value for the yield which is 8.424. In the other cases the esti
mates of the parameter on time are all significant (with 8 de
grees of freedom the 95% probability level for t is 2.306), 
but the values of R2 are low, especially in the case of Rice. 

By the converse of the argument in the previous para
graphs, it is difficult to see how the value of R2 could be high 
if all the estimates of the parameters for the independent 
variables were shown to be insignificant on the basis of tests 
of significance, since in this case most of the variation in the 
Y's must be unexplained and hence the value of R2 would 
be low. The more usual case arises when a high value of R2 

is found together with parameter estimates, some of which 
are significant and some of which are not. Not much can be 
said of a general nature about this case, since the interpre
tation depends on the purposes of the regression analysis in 
any particular situation, However, we may consider as an 
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example the following demand functions for tobacco.1 The 
variables in the demand functions differ from model to 
model, but the general form is that the variables are linear 
in the logarithms, i.e. 

log Yt = constant + ßi log Χ 1 { + . . . + ßk log Xki. 

Various functions were fitted to explain the total consump
tion of tobacco (Q) or per capita consumption of tobacco 
(Q/n) in terms of combinations of the variables, average price 
of tobacco (P), total money income (M), per capita money 
income (M/n), the cost-of-living index (Π), population (n) 
and time (t). In all, 15 regression equations were fitted to 
data for the United Kingdom for 1950-1959 and some of the 
results are given below. For all the 15 equations the range 
of values of R2 was from 0.964 to 0.992. We shall indicate 
log M as M' and so on for the other variables. 

R* 

Q' = 4.806 + 0.3184 M' 0.964 

(0.220) (0.021) 

Q' = 5.140 + 0.2648 M' + 0.2321 F 0.970 

(0.373) (0.053) (0.212) 

Q ' = 4.586 + 0.3416 M' + 0.2935 P ' — 0 . 1 4 0 1 Π' 0.973 

(0.800) (0.112) (0.234) (0.179) 

Q' =-16.603-0.1797M'-0.1360P / +0.0761ir+0.0312t 0.992 

(5.745) (0.153) (0.176) (0.115) (0.008) 

We have here an example of one of the non-Jinear functions 

1. See A. Koutsoyianni Kokkova, op. cit. I am grateful to Dr. 
Kokkova for bringing these results to my attention as examples of 
this point and for carrying out some additional calculations which 
brought their presentation into line with the theoretical development 
in the text. 
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discussed in Chapter 1, a function which expresses constant 

elasticity between the dependent variables and each of the in

dependent variables and which becomes linear in the loga

rithms of the variables, with the parameters in the logarithmic 

form of the equation being the elasticities. On the basis of eco

nomic theory we have certain a priori expectations about the 

signs (and possibly also about the magnitudes) of the elastic

ities. For example, we would expect the elasticity with re

spect to income and to other prices both to be positive and the 

elasticity with respect to the price of tobacco to be negative. 

Considering the four equations, we see that the simple 

regression of quantity on money income alone explains 96% 

of the variation in quantity. The estimate of the coefficient 

of M is significant and has the correct sign. If the price of 

tobacco is introduced, 97 % of the variation of Q is explain

ed, 1 b u t the price elasticity has the wrong sign and the coef

ficient is not significant. When the cost-of-living index is 

introduced, the value for R2 rises slightly to 97.3%, but the 

coefficients of both P' and ΓΓ have the wrong sign and neither 

is significant. In the fourth equation, a trend is introduced 

and the value of R2 rises to 99.2%. The elasticities with re

spect to tobacco price and other prices (IT) have the correct 

sign while the income elasticity has the wrong sign. However, 

comparing the estimates with their standard errors shows 

that none of these three variables is significant, the only sig

nificant variable being the trend term. Thus it would appear 

that the high degree of explanatory power of the regression 

of Q' on M' was due to the fact that both were growing over 

1. It can be shown that the inclusion of additional variables will 
not reduce the value of R2 although the value may not be increased. 
See M.G. Kendall & A. Stuart, The Advanced Theory of Statistics (Lon
don : Griffin, 1961). Vol. II, pp. 335-6. This need not be true for R2, 
since the addition of variables uses up degrees of freedom, and if the 
increase in the value of R2 is small, R2 may actually decrease. 
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time since the inclusion of time as an independent variable 
reduces the effects of money income to insignificant propor
tions. x Finally, population was included as a separate var
iable and the following regression equation was obtained : 

Q'= constant + 0.0663 M ' - 0.0365P + 4.2665n'+ 0.00641 
(0.066) (0.088) (0.803) (0.050) 

R2 = 0.997 

The value of R2 is now extremely high, and the elasticities 
have the correct signs, but the only term which is significant 
is the population variable. The analysis suggests that money 
income and prices have very little effect on the consumption 
of tobacco, consumption rising with the growth in population. 

The example given here should illustrate the point that 
the interpretation of the results of regression analysis may 
be complex and that too much emphasis can be put on the 
fact that R2 has a high value. The economic meaning of sta
tistical results should always be considered, and tests of signif
icance should not be applied in a mechanical fashion, as the 
implications of the statistical results in each particular situ
ation must be considered. No general rules can be given for 
the interpretation of the results of regression analysis, but 
it is probably wise to consider the signs and significance of 
the estimates before putting much emphasis on a high value 
of R2. An additional factor which must be considered in re
gression analysis is the possibility that the assumption made 
that the random errors are independent of one another may 
not be true. The problems that arise when the random errors 
are not independent and a number of tests which can be made 
to detect autocorrelation among them will be discussed in 
the next chapter. 

1. Trends and the use of time as a variable will be discussed in 
Chapter 4. 
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CHAPTER 3 

ERRORS AND PROBLEMS OF AUTOCORRELATION 

3.1 Introduction 

We have now discussed the method of least squares in 
the case of one independent variable and for the general sit
uation in which there are k independent variables. The basic 
set of assumptions upon which the analysis is based is given 
in Chapter 2 in equations (2.37) to (2.40) and has been dis
cussed in some detail. In the course of this discussion two 
possible problems were noted, but an analysis of their im
plications was deferred at that point. They were the possi
bility of errors of measurement in the independent variable(s) 
and the problem of autocorrelation in the random errors. 
These problems, which will be discussed in this chapter, may 
seem to be separate, but actually are different aspects of 
the same problem, one which arises when the assumptions 
about the independence of the random errors do not hold. 
We shall discuss the case of errors of measurement, or the 
mixed-error model, first and then go on to the problem of 
autocorrelation. 

3 .2 The Effects of Measurement Errors on Least 
Squares Regression 

To see the effects of errors of measurement in the inde
pendent variable, consider the simple regression model which 
was developed in Chapter 1. There it was assumed that there 
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was a true relationship between Y' and X, but that the re
lationship that was observed was 

Yi = α + ßXi + Ui. 

It was then shown that the least squares estimates were 

α = Ϋ - β Χ 

B _ Σ(Ύ,-Ύ) (Χ,-Χ) 

Σ ( Χ ί - Χ ) 2 

This was on the assumption that the X's were a fixed set of 
numbers which did not contain errors of measurement. We 
shall now assume that the X's contain errors of measurement, 
so that we observe not Xj but Zi, where 

Zi = Xi + Vi (3.1) 

where the v's are a set of random errors having similar char
acteristics to the u's, i.e., 

E ( V Ì ) = 0 (3.2) 

[ σ2 i = j 
E ( v * v H o v i*j- ( 3 · 3 ) 

We have then a sample of Y1? . . . , Yn and Z1? . . . , Zn, and 
set up the regression model 

Yi = Y+SZ i + wi (3.4) 

where the w's are a set of random errors which have identical 
properties to the u's. The least squares estimates of the pa
rameters in (3.4) are 

γ = Ϋ - SZ 

s _ Σ ( Υ ί - Ϋ ) (Z j-Ζ) 

Σ ( Z i - Ζ ) 2 

Averaging (3.1) over the η sample values gives Ζ = X -f- v, 
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and using this result together with (3.1), we may substitute 
for Zi [and Ζ to get 

s = = Σ[(Χί-Χ) + (νί-ν)](Ύί-Ύ) 

Z [ ( X i - X ) + (Vi-v)p 

Σ ( Χ 1 - Χ ) ( Υ ι - Ϋ ) + Σ ( ν 1 - Ϋ ) ( Υ 1 ~ Ϋ ) 

Σ ( Χ ί - Χ ) 2 + 2 Σ ( Χ ί - Χ ) ( ν ί - ν ) + Σ ( ν ί - ν ) 2 

which is not equal to β, the least squares estimate, when there 
are no errors of measurement. If we now take expected values 
we have 

. Σ Ε [ ( Χ 1 - Χ ) ( Υ 1 - Ϋ ) ] 
E ( S ) = Σ Ε ^ Χ , - Χ ^ + ποί ( 3 , 5 ) 

since E [ ( v i - v ) ( Y i - Y ) ] = E[X i -X)(v i -~Y)] = 0 

by virtue of the assumptions made about the random errors. 
Comparing (3.5) with the least squares estimator, β, we see 
that 

B ( S ) < p . (3.6) 

Thus the estimate of the slope parameter has a downward 
bias in the case where the independent variable contains er
rors of measurement. Not only is it biased; it is also inconsist
ent. * Considering now the estimate of the constant in the 
regression relationship, we have 

γ = Ϋ - δ Ζ = Y - S ( X + v) 

1. An estimator is biased if Ε(β) =jf=$. A biased estimator may be 
consistent, where consistency is defined as the property that the value 
of the estimate should tend to the value of the parameter being esti
mated as the size of the sample increases. For example, the median 
value of a sample from a normal population is a biased estimator of the 
mean of the population, but is consistent since it tends to μ as n->». 
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which is not equal to the least squares estimate in the situ
ation without errors of measurement. Taking expected values 
we have 

Ε(γ) = Ϋ - Ε ( § ) Χ 

since E(v) = 0. Since, by (3.6), E (S)< β 

Ε ( ? ) > α 

i.e., the estimate of the constant is also an inconsistent es
timator with, in this case, an upward bias. To show why the 
method of least squares breaks down we shall rewrite the o-
riginal regression equation 

Yi = α + ßXi + Ui 

using (3.1) to substitute for Xi when we obtain 

Y i ^ a + ßZi + Ui + ßVi. (3.7) 

Comparing (3.4) and (3.7), we see that the w's are linear 
functions of the u's and v's. Given the assumptions that were 
made about these two variables, E (wi) = 0, since E (UÌ) = 
E (vi) = 0 and E(wf ) = σΐ + σν if the u's and v's are inde
pendent (which is a reasonable assumption to make), while 
E (WjWj) = 0 on the basis of this assumption. The method 
of least squares breaks down because we can no longer assume 
that the errors are independent of the independent variable. 
The Z's are defined in terms of the v's, and for this reason we 
can regard the Z's neither as a fixed set of numbers nor as 
random variables and make the explicit assumption that 
E(ZjVj) = 0 for all i,j. Since the properties of the least squares 
estimators depended on one or other of these assumptions 
being made, the method loses its optimum properties in a 
situation where the independent variable contains errors of 
measurement. 

The important point to note here is that the method of 
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least squares gives inconsistent estimates of the parameters 
in a situation where the assumption that the random errors 
and the independent variable are not correlated breaks down. 
This situation can arise in another way which does not de
pend on there being errors of measurement in the independent 
variable. For example, consider the simple Keynesian model 
which consists of the two equations 

Ct = a + ßYt + ut (3.8) 

Yt = Gt + It (3.9) 
where Gt = aggregate consumption 

Yt = aggregate income 
I t = aggregate investment, 

It being taken as an autonomous set of constants. We could 
estimate the parameters in the model by the application of 
least squares regression analysis to equation (3.8), but it is 
interesting to see the implications of the second equation on 
the regression analysis. x To apply the method of least 
squares to (3.8), we would assume that the u's were a set of 
random errors with the properties given in equations (1.3) 
and (1.4) and that they were independent of the Y's, either 
because the Y's were a fixed set of numbers or because the 
explicit assumption is made that E (YjUj) = 0. However, 
if (3.8) is used to substitute for Gt in (3.9), we have 

Yt = α + ßYt + It + ut 

α +• τ - ί - τ I t + τ - ^ Γ ut. ( 3 · 1 0 ) 1 —β ' 1 —β τ ' 1 — β 

Hence we cannot regard the u's as being independent of the 

1. The treatment here is based on a fundamental article by T. Haa-
velmo, «The Measurement of the Marginal Propensity to Consume,» 
which is reprinted as Chapter 4 of Studies in Econometric Methods, edited 
by W. Hood and T.C. Koopmans (New York : Wiley, 1953). 
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Y's, since when we combine the information in both equations, 
we see that the Y's are defined in terms of the u's. If we 
examine the estimates of α and β which are obtained by ap
plying the method of least squares to (3.8), we find that they 
are biased and inconsistent, β being biased downwards and 
à upwards. x This is a fundamental problem, since in most 
economic models there is more than one equation, and the 
fact that the same variables appear in more than one equa
tion means that the assumption about the independence of 
the errors and the variables may break down. In this case the 
use of the method of least squares will lead to inconsistent es
timates of the parameters in the system of equations. This 
problem of the breakdown of conventional methods of esti
mation is central to the development of the techniques of 
econometrics which are designed to deal with the systems 
of equations that arise in economic models. 2 

Space does not permit further discussion of this topic, 
nor can the more complex methods of estimation which have 
been designed to overcome this problem be dealt with here. 3 

Having illustrated the nature of the problem which arises in 
the mixed-error model, we shall return to the assumptions of 
Chapter 1 and assume from now on that the errors are inde
pendent of the explanatory variables. Enough has been said 
to show the importance of this assumption, and in situations 
where it seems unlikely to be fulfilled the reader may turn 
to the methods given in the references provided. We shall now 
go on to consider the second problem, concerning the inde
pendence of the random errors, which arises when we relax 
the assumption that E (UJUJ) = 0 for ιφ\. 

1. See Haavelmo, op. cit. 
2. For an introductory treatment see L.R. Klein, Introduction to 

Econometrics (Englewood Cliffs, N.J.: Prentice-H all, 1962), or for an 
excellent advanced text see Johnston, op. cit. 

3. See Johnston, op. cit., Chapter 6. 
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3.3 The Problem of Autocorrelation 

In the last chapter 1 we made the assumption in equation 
(2.38) that 

E(uu') = σ 2 Ι 

with the result that all the elements off the main diagonal of 
the matrix 

E ( U l

2 ) E ( U l u 2 ) . . . E( U l u n ) 

E(u 2 U l ) E(u 2

2 ) . . . E(u2un) 

E (uu') = 

E^nUi) E ( u n u 2 ) E(un

2) 

were equal to zero, i.e., E (umj) = 0 for all i=£ j . If we now 
drop the assumption that E(UjUj) = 0 for i=^j, but instead 
assume that 

E(uu') = V (3.11) 

where the off diagonal elements are not equal to zero, we may 
investigate the effects of autocorrelation of the random er
rors on the properties of the least squares estimators. We are 
still assuming that E(UJ) = 0 and that the X's can be re
garded as a fixed set of constants so that the new assumption 
will not affect the first result that was derived for the least 
squares estimates, namely that they were unbiased. This re
sult, which was derived in equation (2.46), did not involve 
the assumption about E(uu') and hence if the method of least 
squares, outlined in the previous chapter, is applied to data 

1. See Section 2.3. 
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in a situation in which the random errors are not independent 
of one another, the estimates obtained are unbiased. This as
sumption was used to derive the sampling variances of the 
β's and the result 

var(ß) = a2(X'X)-1 

was obtained on the assumption that E (im') = σ2Ι. 
The new assumption in (3.11) means that we obtain a new 
result for the variances of the ß's, since when we now use 
E(uu') = V, we obtain the result that 

var (β) = (X'XJ-iX'VXiX'X)-1. (3.12) 

Thus if we apply the standard method of least squares in a 
situation in which the random errors are autocorrelated, the 
estimates will still be unbiased, but the variances obtained for 
the estimates will be incorrect, since they will fail to take ac
count of the off-diagonal elements of the matrix V. 

From here it is possible to proceed in one of two ways. 
The first and general step is to consider the theoretical mod
ifications which bave to made to the method of least squares 
outlined above to correct the formula obtained for the sam
pling variances of the ß's. To do this we assume that the el
ements of the matrix V are known and derive general results 
which will depend on the elements of V. Alternatively, we 
might proceed by considering a number of different matrices 
V which seem to be interesting or plausible and see what ef
fect they have on the least squares estimates. This alternative 
method of tackling this problem can also be regarded as a 
second step to the general solution of the problem, since we 
derive a general solution on the assumption that the elements 
of V are known, but in practice they are not known and have 
to be estimated from the data in the sample. In the model 
discussed in the previous chapters, where we assumed E(uu') 
= σ2Ι, it was shown that an unbiased estimate of σ2 could be 
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derived from the data in the sample. In the new model, in 
which autocorrelation is possible, a general sampling solution 
would be possible if we could draw repeated samples with the 
same set of X's but different sets of random errors, in which 
case we could amalgamate the information on Uj and u,· across 
the samples and estimate the correlation between them from 
the information contained in all the samples. In practice we 
usually have a single sample and can at best hope to derive 
information on a single observation between each Ui and Uj. 
Hence in the case where we have a single sample, estimation 
is difficult and can only be undertaken on the basis of fairly 
simple assumptions about the matrix V. 

It might seem that the general problem had been solved 
by (3.12), in which we have an expression for the sampling 
variances of the ß's, and that it would be possible to proceed 
by estimating the elements of the matrix V and substituting 
these estimates into (3.12). However, while the estimates 
obtained would be unbiased and the error in the calculation 
of the sampling variances would be corrected, the estimates 
would have lost some of their optimal properties. While the 
sampling variances and covariances of the estimates would 
be correct, the estimates would no longer have the minimum 
variance property. In other words, in the model where the 
random errors are autocorrelated, it is possible to derive a 
new set of estimates which have smaller sampling variances 
than the least squares estimates which were developed in 
Chapter 2. The matrix algebra involved in the development of 
the new results becomes fairly difficult and the main results 
will be quoted here without proof, references being given to 
sources where the necessary proofs can be found. 

It can be shown ] that in the regression model involving 

1. See Johnston, op. cit., Chapter 7, for a very full discussion of the 
problems of autocorrelation and proofs of the results given above. 
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autocorrelation of the random errors, if we define a new esti
mate of β, say β*, as 

β* = (X'V-1 Χ) - 1 X'V-1 Y (3.13) 
with 

var ( β* ) = ( X'V-1 Χ) - 1 (3.14) 

the ß* will be unbiased and have the minimum variance 
property that the simple least squares estimators had in the 
model in which the random errors were not autocorrelated. 
Thus, if knowledge of the elements of the matrix V is available, 
then the estimates given by (3.13) are the appropriate sta
tistics to calculate. It can also be shown that if the simple 
method of least squares is applied in a situation in which the 
random errors are autocorrelated and the autocorrelation 
is positive, when all the terms off the main diagonal of the 
matrix V are ignored, the sampling errors derived from the 
expression 

var(ß) = CT
2(X'X)-1 

understimate the true sampling errors of the estimates. The 
estimates will be unbiased, but the downward bias in the 
standard errors obtained by the simple method of least squares 
will tend to distort the tests of significance, which were dis
cussed in the previous chapters, and make the results look 
significant in cases where they are not. The standard errors 
could be corrected by using (3.12), but they would not be ef
ficient since the estimates no longer have the minimum var
iance property. Hence one important adverse effect of auto
correlation in the random errors is that we may be misled 
into thinking we have significant results in regression analysis 
in cases where, if we had the correct standard errors, the esti
mates would clearly not be significant. 

The unbiased minimum variance least squares estimators 
for the autocorrelation model have been given in (3.13) and 
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(3.14), and they depend on the elements of the variance-

covariance matrix V. The next problem to be discussed is 

the estimation of V. In the simple least squares model the 

assumption that E(uu') = σ2Ι ruled out the problem of auto

correlation but went beyond this since an alternative assump

tion would be that each of the random errors was independ

ent of all the others but came from a different population 

with E(ui2) = σι2, the η values of a? being different. Under 

this assumption estimation of the σ^ would not be possible, 

since we would have one observation from each population, 

and it is not possible to calculate a variance on the basis of 

one observation. By assuming that the random errors are 

drawn from the same population it is possible to t reat the 

residuals as a sample of η observations from the same 

population and estimate σ2. 1 

In the same way estimation of the matrix V is possible 

only if certain simplifying assumptions are made about the 

form of the autocorrelation which exists in the random errors. 

If each pair of random errors shows a different degree of au

tocorrelation (corresponding to the assumption that the errors 

are drawn in pairs from different bivariate populations), then 

we would be in the situation of having a sample of one obser

vation for the relationship between each Ui and iij, and it is 

not possible to calculate a correlation from one observation. 

Hence we have to assume the same pattern of correla

tions for all the random errors or estimation will not be pos

sible. One simple model which has interesting properties is 

the Markov process, or first order autoregressive scheme, 

1. If the variances of the random errors differed and were related 
to the values of the independent variable(s), we would have the problem 
of heteroscedasticity, which was mentioned in Chapter 1. For further 
discussion of this problem, see Johnston, op. cit., pp. 207-211. 
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in which the random errors are defined as 

ut = p u t _ 1 + e t (3.15) 

where | ρ | < 1, and we make the following assumptions about 

the e's : 
E(e t ) = 0 

r = σ 2 t = s 
E ^ | = 0 , t ^ , 

We may consider first the special case in which ρ = 1, 

when (3.15) reduces to 

u t = ut_1 + e t. (3.16) 

Our basic regression model is 

Y t = a + ß X t + u t 
and since 

Yt_1 = a + ß X t _ 1 + u t - 1 

subtraction gives 

Yt - Yt-l = ß( Xt - Xt-l) + Ut - Ut-! 

= ß ( X t - X t _ 1 ) + e t using (3.16). 

Writing Yt — Yt-x and X t — Xt-i in difference notation 
we have 

AYt = ßAXt + et. (3.17) 

Thus in this particular case working with the simple first 
differences of the variables removes the problem of autocor
relation, since in (3.17) the errors now have the properties 
considered in the original least squares model and are not 
autocorrelated. 1 This will only be true when ρ = 1 since 

1. For examples of the use of the first difference transformation, see 
Klein, op. cit., where budget studies are discussed. For examples of the 
use of this transformation in agricultural studies, see K. A. Fox, Eco
nometric Analysis for Public Policy (Ames, : Iowa State University 
Press, 1958). 
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in the more general case, where | ρ | < 1, the process of taking 
first differences gives 

AYt = ßAXt + u t - u t _ 1 

and now substitution for ut from (3.15) yields 

AYt = ßÄXt + (p-l)u t_1 + et 

and the effects of autocorrelation have not been removed, 
although if the value of ρ is large the effects will be reduced. 
Hence, except in the case where ρ = l,more complex meth
ods are necessary. To develop them we shall consider some 
of the properties of the Markov process. It was defined as 

u t = put_! + e t 

and since Ut_x = put_2 + et_j etc. 

u t may be written as 

u t = ρ(put-2 + et-χ) + et = p2(put_3 + et_2) + pet_x + et etc. 

= e t + pet_! + p2et_2 + p3et-3 + , . . = j pset_s . (3.18) 
s=0 

We may now use (3.18) to derive the mean, variance and co-
variances for the u's. Taking expected values of both sides 
of (3.18), we have 

E(u t) = E(e t) + pE(et-i) + P2E(et_2) + P

3E(et_3) + . . . - 0 

since E(e t) = 0 for all t. 

Next consider 

ut2 = (e t + pet_i + . . . ) (e t + pet-! + . . . ) 

if we now take expected values 

E (u t

2) = E (e t

2) + p 2E(el x) + P*E(ef_3) + . . . 

m 
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since all terms E(etet_s) are zero, by virtue of the assump
tions made about et. 

Thus E (ut

2) = a\ (1 + ρ2 + ρ4 + . . . ) = ^- f- j - (3.19) 

since the terms inside the bracket form a geometric series. 
Thus the variance of the u's is <s\J (1 — p2). Finally consider 
the covariance between the u's 

E (utut-i) = E[ (et + pet-i + p2et-2 + · · · ) (et_i + pet-2 + 

+ p2et_3 + . . . ) ] = E [(pet-! + p2et_2 + . . · . ) (et-x + 

+ pet-a + · · · ) ] since E[e t ( et_i + pet_2 -f . . . ) ] = 0. Hence 

E (utut-j) = E[p (e t_! + pet_2 + · · · ) (et_i + pet_2 + . . · ) ] 

= pE[(e t- 1 + e t - 2 + . . . ) 2 ] = P ^ 

using the results derived in obtaining (3.19). Similarly we 
can show 

E(u t u t _ 2 ) = p 2 ^ 

and in general 

E ( utut-s) = ps σ; for s φ 0 (3.20) 

Hence from (3.19) and (3.20) it can be seen that if the u's 
are generated by the Markov process defined in (3.15) their 
mean value will be zero, and their variance and coveriances 
will involve only two parameters, the autocorrelation coef
ficient of the u's, p, and σ2,, the variance of the e's. If we can 
assume that the errors in the autocorrelated regression model 
follow the Markov process, then we have to estimate only 
the two parameters, ρ and σ2, since although the off-diagonal 
elements of the matrix V will not be zero, they can all be ex-
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pressed as powers of p. In the case of the Markov process the 
matrix V becomes 

E(uu') = 

E(U l

2) E ( U l u 2 ) . . . E ( u l U n ) 

E(u 2 U l ) E(u2

2) . . . E ( u 2 u n ) 

E(un U l) E(u n u 2 ) . . .E( U 2) 

— «2 

ι Ρ 

Ρ ι 

pn-1 pn-2 

•»n-1 

,n-2 

and using (3.19) this may be written as 

V = 

1 Ρ 

ρ ι 

pu-! pn-2 

,η-1 

,η-2 

(3.21) 

which involves only the two parameters, ρ and σ2. When V 
has this form the inverse of V can be shown to be 

ν-1 = — 
σ2 

1 

—ρ 

0 

— ρ 

1 + Ρ2 

—ρ 

0 

— ρ 

1 + Ρ2 .. 

. 0 0 

. 0 0 

. 0 0 

- Ρ 1 

(3.22) 

\ 
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and this is the matrix which would be used in equations 
(3.13) and (3.14) to derive the least squares estimates and 
their standard errors. Before we go on to discuss the estima
tion of V - 1 , it is worth noting the following transformation 
which can be made in the case when the value of ρ is known. 
It was shown above that in the case of ρ = 1 regressing the 
first differences of the variables would remove the autocor
relation. In the case where ρ is known but not equal to unity, 
we may make a transformation by defining two new variables 
based on the sample Y1? . . . , Yn and X 1 ? . . . , Xn. 
If we define 

Yt' = ( Y t - p Y t - i ) and X t ' = ( X t - p X t - x ) 

for t = 2, 3, . . . , η (3.23) 

and then regress the (n —1) values of Y' on the corresponding 
values of X' by the simple method of least squares developed 
in the previous chapter, the resulting estimates and their 
standard errors approximate very closely to the values which 
would be obtained if we calculated V - 1 and used equations 
(3.13) and (3.14) to estimate the parameters. The effect of 
this transformation on the autocorrelation in the random er
rors can easily be shown. Let the regression equation con
necting Y' and X' be * 

Y t ' = Y + SX t' + w t. (3.23) 

Now the original regression model was 

Y t = α + ßX t + ut 
and since 

pYt-i = ap + ßpXt-χ + put-! 

by subtraction we have 

Y t - p Y t - i = α ( 1 - ρ ) + β ( X t - p X t - i ) + u t - p u t - i 

i.e., Yt' = a ( l - p ) + ßX t ' + e t (3.24) 
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using (3.15). Comparing the right hand sides of equations 

(3.23) and (3.24) we see 

γ = α ( 1 - ρ ) 

δ = β 

w t = e t 

and hence the random errors in the transformed regression 

model (wt) will be free from autocorrelation.1 

The estimation of the elements of the matrix V presents 

a difficult problem and the simplest procedure is to assume 

that the random errors are generated by a Markov process. 

The following estimation method is then possible. We first 

regress the Y's on the X's, using the simple method of least 

squares, and obtain the set of η residuals from the fitted 

regression line e l 5 . . . , en. Then, assuming the true random 

errors (ut) were generated by a Markov process, we estimate 

ρ from 
e t = ret-i + w t (3.25) 

by the method of least squares, r being the estimate of p. 

We then make the transformation. 

Y' t = ( Y t — rYt_!) for t = 2, . . . , η and as
suming k independent 

X ' i t = (Xit — rXi(t-i) ) variables, i = l , . . . , k. 

and regress Y' on X'. If the residuals obtained from this re

lationship do not show significant autocorrelation, we use 

the estimates and their standard errors derived from the re

gression of Y' on X'. If the residuals from the regression of 

Y' on X' still exhibit significant autocorrelation, we use 

the residuals to re-estimate the value of p, using (3.25), and 

1. For a more formal treatment of this transformation and the 
approximation involved, see Johnston, op cit., pp. 186-187. 
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having found the new value of r' say r', we make the trans
formation. 

Yt' = (Yt- ΐΎί-χ) 

X t ' ^ i X t - r ' X t ^ ) 

and then regress the new Y' on the corresponding X'. The 
process is continued until the residuals obtained from the re
gression of the transformed variables no longer show signs 
of significant autocorrelation.1 

3 . 4 Tests for Autocorrelation 

Having discussed the effects of autocorrelation in the 
random errors on the least squares estimators and their stand
ard errors and some of the methods that can be applied to 
overcome this problem, we still have an important question 
to be answered. How do we know when the random errors 
are autocorrelated ? In this section a number of tests for auto
correlation will be considered. The tests can be classified into 
two groups. The first consists of general tests for autocorre
lation which can be applied to any series of observations. The 
second comprises tests which were designed specifically to 
discover autocorrelation in the random errors of the regression 
model under discussion here. The first group of tests has some 
advantages in terms of greater generality in their application, 
but in most cases these tests suffer from the disadvantage 
that they are large sample results; that is, the results are de
rived by letting the sample size η tend to infinity, and it is 
not clear how reliable they are with small samples. The tests 
designed for the regression model do not have the general 
applicability of the first group, but their properties have been 

1. For a full discussion of methods of estimating V see Ibid., 
pp. 192-195. 
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investigated for small samples, and the relevant probabilities 

for carrying out tests of significance have been tabulated for 

sample sizes ranging down to η = 15. 

Of the first group of general tests for autocorrelation we 

shall concentrate on one which is due, to von Neumann, 1 

which uses a property of autocorrelated observations that 

is also the basis of the tests designed for the random errors 

in the regression model. We may illustrate the theory behind 

these tests by means of Figure 3.1. 

Y Y 

• · · 

ο χ ο 
Figure 3.1 lb) 

The straight line in the diagram represents the t rue relation

ship Υ' = α + βΧ and two different patterns of random er

rors are shown, with case (a) corresponding to the situation 

in which the random errors are positively autocorrelated. 

In (b) the random errors are shown without autocorrelation. 

We shall consider now the effect of autocorrelation on the 

first differences on the random errors 

(ut — ut_.x t = 2, 3, n. 

1. J. von Neumann, «Distribution of ratio of the mean successive 
difference to the variance,» Annals oj Mathematical Statistics, Vol. 12 
(1941), p. 367. For a discussion of some of the other general tests 
for autocorrelation, see Tintner, op. cit., Chapter 10. 
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The random errors can be either positive or negative, but in 
the case of positive autocorrelation groups of successive er
rors will tend to have the same sign. If, for example, the first 
random error is positive and the random errors are generated 
by the Markov process 

u t = put_] + et, 

then, depending on the size of ρ and the size and sign of e, 
the random component of u, the next few u's will also tend 
to be positive. Hence if we consider the first differences be
tween successive values of u, they will tend to be small in re
lation to the magnitude of the u's. On the other hand, when 
the random errors are independent of one another, the value 
of Ut has no effect on the value of Ut_i and we will find many 
more cases in which successive differences have opposite 
signs. Hence the first differences of successive errors will tend 
to be large in relation to the magnitude of the u's. This con
trast between the results in the two cases enables us to con
struct a test for autocorrelation in the random errors. To use 
the von Neumann test, we calculate the following quantities 

i i X t - X t - i ) 2 

and 

i(Xt-x)2 

The statistic used in the test is then defined as 82/s2. The 
distribution of this ratio has been investigated and derived 
for the case in which the X's are not autocorrelated, and come 
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from a normal population. It has been shown that for large 
samples the ratio δ2 / s2 has a normal distribution with mean 

2n 
μ ~ ( η - 1 ) 

4n 2(n —2) 
(n — l) 3(n + 1) 

When applied to the residuals from least squares regression 
analysis the formulae become 

i i e t - e t ^ ) 2 

( n - 1 ) 

Σ (et2) 
s 2 = - ^ 

η 

since the mean of the residuals is zero. In this situation it 
seems reasonable to assume that the observations in the series 
have a normal distribution, since this is an assumption that 
we usually make in regression analysis. 

To illustrate the calculation of the von Neumann ratio, 
let us consider the following example, in which the annual rev
enue of American airlines in billions of dollars, Y, is regressed 
on Gross National Product (also in billions of dollars), X. 

1. Probabilities for various sample sizes have been tabulated. See 
B.I. Hart, «Significance levels for the ratio of the mean square successive 
differences to the variance,» Annals of Mathematical Statistics, Vol. 13 
(1942), p. 446. 

and variance 
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The data are given in the table below, and Figure 3.2 shows 
the scatter diagram of the two variables. 

Year X Y Y Y-Y et-et-χ 

-2.11 
-2.60 

0.90 
-1.40 
-1.83 

0.17 
0.47 
2.10 

-0.27 
0.29 
0.68 

-0.10 
-1.57 

0.99 
2.37 

-0.26 

S o u r c e : U.S. Department of Commerce and Civil Aeronautics 
Board. 

Column 4 gives the annual values for revenue estimated 
from the regression line, Column 5 the residuals from the 
regression line and Column 6 the first differences of the 
residuals. The residuals in Column 5 show some tendency to 
fall into groups with successive values having the same sign. 
The regression relationship fitted by the method of least 
squares is 

Y = - 1 8 . 5 + 0.0961X ( R 2 = 0.9702) 
(1.719) (0.00435) 

and using the data in the table we have 

Σ (et-et-!) 2 = 31.7497 Σ( β ί

2) = 54.6761 

1946 
1947 
1948 
1949 
1950 
1951 
1952 
1953 
1954 
1955 
1956 
1957 
1958 
1959 
1960 
1961 
1962 

211 
234 
259 
258 
285 
329 
347 
365 
363 
397 
419 
442 
442 
500 
523 
541 
552 

5.9 
6.0 
5.8 
6.6 
7.8 
10.2 
12.1 
14.3 
16.2 
19.2 
21.6 
24.5 
24.4 
28.4 
31.6 
35.7 
36.5 

1.78 
3.99 
6.39 
6.29 
8.89 
13.12 
14.85 
16.58 
16.38 
19.65 
21.76 
23.98 
23.98 
29.55 
31.76 
33.49 
34.55 

4.12 
2.01 
-0.59 
0.31 
-1.09 
-2.92 
-2.75 
-2.28 
-0.18 
-0.45 
-0.16 
0.52 
0.42 
-1.15 
-0.16 
2.21 
1.95 
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and hence 

δ 2 = (et-et..1)
2l ( n - 1 ) = 31.7497/16 = 1.9844 

S2 = (et2) / η = 54.6761 /17 = 3.2162 
giving 

δ 2/ s2 = 0.6170. 

From the tabulated values of the probabilities of different 

values of the ratio corresponding to different sample sizes 1 

0^%^ 30Ô 35Ö ~ 500 
G Ν Ρ (billions $) 

Figure 3.2 

it is found that for a sample of size 17 the 5 % proba

bility level in a test for positive autocorrelation 2 is 1.3253 

and t h e 1% level is 1.0352. The procedure in this test is to 

reject the hypothesis that the residuals are free from autocor

relation if the von Neumann ratio is less than the chosen 

1. See Hart, op. cit., p. 446. 
2. Since we are interested in positive autocorrelation rather than 

testing for autocorrelation whether positive or negative, we use a one-
tail test and consider a region of area 5% in the lower tail instead of a 
region composed of 2%% of the area in each tail. For N(0,1) the 5% 
level for a one-tail test is -1.645 or 1.645. 

\ 
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probability level. When the calculated value of the ratio in this 
example of 0.6170 is compared with the values given above, 
it is clear that the residuals exhibit a significant degree of 
positive autocorrelation, the ratio being significant at the 
1% probability level. Hence we would reject the hypothesis 
that the residuals were free from autocorrelation. Once the 
null hypothesis is rejected, the standard errors calculated by 
the simple method of least squares must be regarded with 
some suspicion, since they are underestimates of the true 
standard errors, and although the results look significant when 
the estimates of the parameters are compared with their 
standard errors, we must make allowance for the bias. 

Using the large sample normal approximation here gives 
a mean of 

(η —1) 16 

and a variance of 

_9 4 n * ( n - 2 ) 2,890 = 0 2 3 5 

( n — l ) 3 ( n + l) 12,288 

The ζ transformation will then be 

(0.6170-2.125) _ -1.508 
Z ~ 0.235 ~ 0.235 ~~ 

Hence on the basis of the null hypothesis that the observa
tions are not autocorrelated, the standard normal deviate 
corresponding to our sample observation of 0.6170 is ζ — 
-6.42, and from the tabulated values of the standard normal 
population we find that a deviation as small as -6.42 would 
occur less than once in a thousand samples as a chance event. 
On the basis of the test, the null hypothesis that there was 
no autocorrelation in the residuals would be rejected. 

The von Neumann ratio may be used as a test for auto
correlation in any series of observations, and we shall now 
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go on to discuss a technique which has been developed spe
cifically to test the residuals from regression analysis for au
tocorrelation. It is closely related to the von Neumann ratio 
and is called the Durbin-Watson, or d-test, after the two stat
isticians who proposed it. * To apply this test it is necessary 
to calculate the statistic 

d=1%wr1 ( 3 · 2 6 ) 

which is a simple transformation of the von Neumann ratio 
since 

The authors suggest that the test may not be appropriate if 
one of the independent variables consists of lagged values of 
the dependent variable (for example, if we were regressing 
Q on Y t and Ct-i), but for the cases to which the test is ap
plicable, 5 % and 1% probability levels have been tabulated. 
In this test the probability of observing given values of d 
depends on the number of observations in the sample and on 
the number of independent variables (including the constant). 
The authors were not able to derive the exact probability 
levels, but for each sample size and number of independent 
variables they found an upper and lower bound within which 
the probability level lay. These upper and lower bounds, du 
and d L , have been tabulated, 2 and the test procedure is 
to compare the value of d, which is calculated from the sample, 
with the bounds for a given level of probability obtained from 
the tables. If d is less than dL , the null hypothesis that the 
residuals from the regression analysis indicate t ha t the origi
nal random errors were independent is rejected at the chosen 

1. J. Durbin and G.S. Watson, «Testing for Serial Correlation in 
Least Squares Regression,» Biometrika, Vol. 37 (1950), pp. 409-28, and 
Vol. 38 (1951), pp. 159-78. 

2. Ibid. (1951). 
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probability level. If d is greater than du, the null hy
pothesis is not rejected; while if the value of d lies between 
dL and du, the test is indeterminate. This indeterminacy is 
something of a drawback to the test, but recently a modified 
version of the Durbin - Watson test has been suggested, for 
which exact probability levels have been determined and 
tabulated. 1 

The test statistic is identical to d as defined in (3.26), but 
when the assumption is made that the first and second dif
ferences of the independent variables are small in absolute 
value compared with the range of variation of the corre
sponding variable itself, the distribution of d has been investi
gated. Exact values for the 1% and 5% probability levels, 
to be used in a one-tail test for positive autocorrelation, have 
been tabulated for samples ranging from 15 to 100 and for the 
number of independent variables (including the constant) 
ranging from 2 to 6. 2 For samples with more than 100 ob
servations, a transformation to the standard normal distribu
tion is given. 

Returning to the example which was discussed in con
nection with the von Neumann ratio, we shall now apply 
the Durbin-Watson test. From the data given we have 

Consulting the tabulated probabilities for the distribution of 
d, we find that with a sample size of 17 and two independent 
variables (including the constant term), the 1% significance 
level is 1.10 and the 5% significance level is 1.38. A com-

1. H. Theil and A.L. Nagar, «Testing the Independence of Regres
sion Disturbances,» Journal of the American Statistical Association, Vol. 
56 (1961), pp. 793-806. 

2. Ibid., p. 802. 
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parison of the value of d = 0.5807 obtained in this example 
and the tabulated values shows evidence of significant auto
correlation between the residuals from the regression line. 
We would therefore reject the null hypothesis that the ran
dom errors were mutually independent. 

It was mentioned earlier that when significant autocor
relation was discovered among the random errors, one way 
of removing it was to assume that the random errors were gen
erated by a simple Markov process and to estimate the coef
ficient of autocorrelation from the residuals, using (3.25). 
Theil and Nagar * have suggested a formula for estimating 
ρ from d by means of 

n 2 (l-4-d) + (k + l)2 

* n2 — ( k + 1 ) 2 

where η =» the total number of observations and (k -t- 1) = 
the number of independent variables plus the constant term. 
Applying this formula to the data in the example, we have 

. 17 2 ( l-0.2904) + 22 209.074 
Ρ 1 7 2 - 2 2 " 285 -O'JÔ0 

and we could attempt to remove the autocorrelation in the 
residuals by making the transformation 

Y t ' = Y t - 0 . 7 3 3 ^ - ! ,, ' 
t = -', 3, . . . , η 

X t ' = X t - 0 . 7 3 3 X w 

and regressing Y' on X'. 
This concludes the main discussion of the problem of auto

correlation, and we shall go on now to discuss some of the 
problems which arise when regression analysis is applied to 
data in the form of time series and then consider the use of 
regression analysis in economic forecasting. 

1. Ibid., p. 804. 
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C H A P T E R 4 

TIME SERIES AND ECONOMIC FORECASTING 

4.1 Introduction 

In most economic problems the observations to be ana
lysed are of one of two types — either time series or cross-
sectional data. Time series are simply observations on eco
nomic variables which are collected at successive points of 
time, the interval between the observations usually being 
constant, although this is not essential. In a cross-sectional 
study the observations are collected not over time but at a 
given point of time (or during the same short period of time), 
the variation being «over» some other variable. For example, 
if a group of countries was being considered, and if for a given 
year the proportion of manufactured goods in total exports 
and the per capita income for each country were collected, 
then the relationship between these two variables could be 
studied across the group of countries for the year chosen. 
Another example of a cross-sectional study would be the 
study of labour productivity or capital-output ratios across 
a group of firms at a given point of time. 

One of the most frequent examples of the application of 
the cross-sectional technique is in the field of budget studies. 
Here data are collected for a group of families during the same 
period of time and may be used to analyse the relationship 
between different economic or social variables at a given point 
of time. For example, we may see how total expenditure or 
expenditure on particular items varies with total family in-
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come, the number of wage earners or children,in,the famUy, 
the occupation of the family head or a number of other fac
tors. For many problems we have data in either t ime .series 
or cross-sectional form, but in others we may have data of 
both types and wish to combine the information derived from 
the two sources. A discussion of the problems involved in 
combining estimates obtained from the analysis of t ime series 
with those obtained from cross-sectional studies lies outside 
the scope of these notes and this problem will be discussed 
only in connection with the problem of multicollinearity. x 

The problem of using time series was mentioned in Chapter 
1 in connection with correlation analysis and the dangers of 
«spurious» correlation, and it might be said that in general 
the use of times series presents less of a problem in regression 
analysis. In an example in Chapter 2 time was used as an in
dependent variable, and in the next section we shall discuss 
the use of time as an explanatory variable in more detail. 

4 . 2 T h e Problem of Trends and T i m e 
as a n Explanatory Variable 

It is often convenient to include time as a variable in re
gression analysis and it is worth discussing the nature oftljis 
variable. Time as an explanatory variable can be interpreted 
in a number of ways. It may be included in the regression 
analysis as a proxy variable for. some other factor which is not 
included because the necessary data do not exist, and the 

1. See L.R. Klein, Econometrics (Evanston, Illinois :,Row Peterson, 
1953), for a discussion of cross-sectional studies. On the problem of 
combining cross section and time series estimates see J. Meyer and E. 
Kuh, «How Extraneous Are Extraneous Estimates?» Review of Eco
nomics and Statistics, Vol. 39 (1957), pp. 380-393, and E. Kuh, «The 
Validity of Cross-Sectionally Estimated Behavior Equations in Time 
Series Applications,» Econometrica, Vol. 27 (1959), pp. 197-214. 
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estimate of the parameter on the variable time may then have 
an economic interpretation. For example, in studies of the 
Cobb-Douglas production function over time the following 
model has been used : 

X t = AK t

aL?ec d t 

where X = output 

Κ = capital stock 

L = labour force. 

e c d t represents productivity and A, a, b and c are the param
eters. In practice it is difficult to get a measure of productiv
ity which is independent of the other variables in the model, 
and instead of attempting to fit the equation given above, 
the alternative model 

Xt = AK t

aL t

bect 

ct may be fitted, in which e is interpreted as an exponential 
rate of growth of productivity. Here time is used as an ex
planatory variable in place of productivity and the estimate 
of the parameter on the time variable can be taken as an 
estimate of the rate of growth of productivity. In general «t» 
may be included in the analysis in situations where some part 
of the variation of the dependent variable is systematic but 
is not accounted for by the explicitly defined independent 
variables. In some cases «t» may be acting as a proxy variable 
for some well defined factor which is not included in the anal
ysis, while in others it may represent a number of factors 
which have not been included and then there may be no 
simple economic interpretation of the estimate of the param
eter. In the case where «t» stands for a complex of factors, 
many of which may not be known, it may be regarded as an 
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«explanatory» variable in the sense that the parameter estimate 
is significant and the inclusion of time increases the explana
tory power of the regression relationship, but from the point 
of view of economic theory t does not explain very much. 
If an economic variable is regressed on time and the fit of the 
regression line is good (i.e., the value of R2 is high), we have a 
description of how the variable has been growing over time 
but not why. This is not to say that the knowledge of how a 
variable has grown over time is useless, since this will depend 
on the object of the investigation. In connection with eco
nomic theory, a particular pattern of growth may suggest new 
theoretical possibilities to be examined and regressions on 
time can be useful for some kinds of economic forecasting. 

If a variable does show a tendency to grow in a systematic 
way over time, this systematic component may be called the 
trend in the variable. Trends have been the subject of much 
attention in the analysis of economic time series, particularly 
in the early work that was done. One approach to the problem 
of analysing time series is to regard the observations as being 
composed of a number of components which can be identified 
with different kinds of economic causes. In the simplest model 
of this kind, a series of observations, X t, was expressed as 
the sum of four independent components 

Xt = Tt + Ct + S t + R t (4.1) 

where T t represented the trend or long term component, Gt 
a cyclical pattern in the observations, St any seasonal vari
ation and Rt the random component which could not be 
explained in a systematic way. The object of the analysis 
was the isolation of these components for separate analysis, 
and its success depended on the existence of statistical 
techniques which could separate the different components. A 
number of techniques were developed, the most frequently 

\ 
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used being polynomial regressions 01- the method of moving 
averages for isolating trends and periodogram or correlogram 
analysis for the cyclical components. However, during the 
1940's this approach came under criticism on theoretical 
grounds, the main criticism being that it was not possible to 
isolate any one of the components without the method of 
analysis used having effects on the other components. For 
example, the method of moving averages may remove most 
of the fr-end component, but in the process it will also have 
effects on the amplitude of any cyclical components and can 
also introduce autocorrelation into the random errors even 
if they were independent at the outset.1 Other theoretical 
objections were also raised in connection with the methods 
used to isolate the cyclical movements in the time series. 
For this reason the attempt to analyse the components of 
time series tended to lose favour, although there has been 
some revival of interest in this field over the last ten years 
with the development of the new techniques of the method 
of spectra] analysis. 2 

The trend is regarded as a long term movement with re
spect to the time series being considered, whereas the cyclical 
pattern will repeat itself several times within the length of 
the time series. In some cases the trend may be estimated 

1. See M.G. Kendall, The Advanced Theory of Statistics, Vol. 2 (Lon
don : Griffin, 1946), for the two chapters on Time Series which contain 
a theoretical discussion of these techniques, together with the criticisms 
outlined above. A simpler and less rigorous account of these methods 
can be found in G. Tintner, op cit., Chapters 8 and 9. 

2. The mathematical theory underlying spectral analysis is fairly 
difficult, and there are no really elementary textbooks on this subject. 
A concise though advanced treatment of the theory behind spectral 
analysis can be found in E.J. Hannan, Time Series Analysis (London : 
Methuèh, 1960). 
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by fitting a polynomial of the kind 

X t == b0 + bxt + b 2 t 2 + . . . + b k t k (4.2) 

by the method of least squares, but with many economic time 
series it may be necessary to fit a polynomial of a high order 
to get a reasonably good fit. One alternative to fitting a trend 
to all the observations in one operation is to approximate the 
trend in the series by fitting polynomials to short sections 
of the time series, since by taking a relatively small number 
of points at a time it is possible to get a good fit for the 
trend using a low order polynomial. This is what is achieved 
by the method of moving averages, which may be described 
as follows. Given a series of Τ observations, we choose the 
number of points to which the polynomial is to be fitted (the 
length of the moving average) and the order of the polyno
mial to be fitted. The length of the moving average will be 
represented as 2m + 1 since, as will be shown in the example 
below, there are slight computational advantages in choosing 
an odd number of points. With the first 2m -f- 1 points of 
the time series, say X l7 X2, . . . , X2m +1, we calculate a 
weighted average, the weights being used depending on the 
order of the polynomial that is being fitted and the value of 
2m -f- 1· The weights corresponding to different order poly
nomials and different values of 2m + 1 have been tabulated 
and can be found in most sets of statistical tables and many 
textbooks.1 We then move the process forward by one ob
servation and, taking X2, X3, . . . , X ^ + 2, find their weight
ed average. This process is repeated until the last 2m + 1 ob
servations in the series, Xx_2m, . . . , Χτ, are reached when 
the process stops. Each application of the process produces 
one new observation, and the weights are so chosen that the 

1. For example, M.G. Kendall, op. cit., pp. 372 ff. 
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method of moving averages is equivalent to fitting the poly
nomial given in (4.2) to sets of 2m + 1 observations by the 
method of least squares and then finding the value of X 
predicted by the regression line corresponding to the value 
of t = m + 1 (i. e., the middle point in the block of 2m -f- 1 
points). For example, to fit a straight line to 2m + 1 points 
we use a set of weights each being equal to 1/ (2m + 1), and 
the moving average process can be represented by 

m 

2 x t + i 

i.e., the successive points on the trend computed by the 
method of moving averages are simply the arithmetic means 
of successive blocks of 2m + 1 observations. We are assuming 
that the values of t are equally spaced so that the mean 
value of 2m + 1 observations coincides with the middle ob
servation. It was shown in Chapter 1 that the regression line 
fitted by the method of least squares passed through the means 
of both sets of observations, and thus the point on the 
regression line corresponding to the mean of the t's will 
be X, which is what we have in (4.3). It will be noted that 
one value of the trend is obtained by each application of the 
process, corresponding to the middle value of the 2m + 1 
observations. For this reason we have no values of the trend 
corresponding to the first m and the last m observations in 
the series, which means that applying the method of moving 
averages results in the loss of 2m observations. If our orig
inal time series is long and if the length of the moving 
average is short in relation to the length of the time series, 
this loss of observations may not be serious, but with short 
economic time series this may be a drawback to the method. 
The loss of the last m observations in the series is usually 
more important than that of the first m observations, since 
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the last observations in the series represent the most current 
ones. This can be a drawback to the method if the object of 
the process is economic forecasting since in this case current 
information is of great importance. 

The method of moving averages may be illustrated by 
means of the data which were used in the example in the 
last chapter. The trend will be estimated by using a straight 
line moving average of length three years, i.e., we have to 
calculate the arithmetic mean of groups of three observa
tions. The process is set out in the table below. For compara
tive purposes, a second moving average of length five years 
has also been calculated, and the scatter diagram of the orig
inal observations, together with the three years trend, is 
shown in Figure 4.1. 

Three Year M. A. Five Year M. A. 
1 2 

Year 

1946 
1947 
1948 
1949 
1950 
1951 
1952 
1953 
1954 
1955 
1956 
1957 
1958 
1959 
1960 
1961 
1962 

Y 

5.9 
6.0 
5.8 
6.6 
7.8 

10.2 
12.1 
14.3 
16.2 
19.2 
21.6 
24.5 
24.4 
28.4 
31.6 
35.7 
36.5 

_2 Y t+ i 
i=—1 

17.7 
18.4 
20.2 
24.6 
30.1 
36.6 
42.6 
49.7 
57.0 
65.3 
70.5 
77.3 
84.4 
95.7 

103.8 

Trend 

5.9 
6.1 
6.7 
8.2 

10.0 
12.2 
14.2 
16.6 
19.0 
21.8 
23.5 
25.8 
28.1 
31.9 
34.6 

2 y t + i 
i=-2 

32.1 
36.4 
42.5 
51.0 
60.6 
72.0 
83.4 
95.8 

105.9 
118.1 
130.5 
144.6 
156.6 
-

Tren 

6.4 
7.3 
8.5 

10.2 
12.1 
14.4 
16.7 
19.2 
21.2 
23.6 
26.1 
28.9 
31.3 
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One obvious result that emerges from this example is 
that the longer the length of the moving average the smoother 
the trend in the series becomes. This is because of the aver
aging effect; the more observations that are averaged to cal
culate each value of the trend the greater is the damping 
effect on extreme observations. 

The situation in which only part of the variation in the 
dependent variable can be accounted for by the independent 

•û 20 

——Original time series 

3 year moviug average 

1946 1948 1950 1952 1954 1956 1958 1960 1962 

Figure 4.1 

variables included in a regression relationship and the use of 
the variable time was discussed earlier in this section. Where 
we wish to explain some of the variation in the dependent 
variable in terms of a regular movement over time, there are 
two courses open. We can first find the relationship between 
the dependent variable and time and subtract this component 
of the variation before going on to consider the relationship 
between the dependent variable and the independent variables, 
or we can include time as one of the independent variables 
and carry out the whole process as one operation. We might 
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well ask whether it makes any difference which method we 
use? The answer depends on what methods of dealing with 
time are used. A fairly common practice is to do a certain 
amount of smoothing of time series, using moving averages, 
before economic variables are submitted to regression analy
sis. If one wishes to use the method of moving averages, then 
the relationship with time must be dealt with first, since it is 
not possible to incorporate the method of moving averages 
into the more general method of least squares. If the trend 
is to be eliminated by using a polynomial function of time 
and the method of least squares, then the choice is still open 
between regressing the dependent variable on time and then 
considering its relationship to the independent variables or 
carrying out the whole operation as one process. Some statis
ticians have argued against the smothing of time series be
fore carrying out regression analysis on the grounds that it 
makes the interpretation of the statistical results difficult.1 

When tests of significance are carried out, the probabilities 
depend on the number of degrees of freedom, which are in 
turn a function of the number of observations and the num
ber of parameters which have been estimated. Smoothing 
involves the estimation of the parameters of the trend com
ponent, and if time series are smoothed before regression 
analysis and then tests of significance are applied at the 
second stage after the regression analysis, there is a danger 
that the number of degrees of freedom which have been used 
up in the estimation process will be underestimated. The in
terpretation of the results of the analysis may be misleading. 
The suggestion is that if time is being taken into account, 
then it should be done within the general regression model, 
so that the correct number of degrees of freedom can 

1. See L.R. Klein, et al., An Econometric Model of the United King
dom. (Oxford : Oxford University Press, 1961), pp. 40-44, for the dis
cussion of seasonal variation. 
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be allowed for in carrying out tests of significance. 
When the trend is being removed by means of regresion 

analysis, it is of interest to see whether there are any theoret
ical differences between removing the trend before carrying 
out the main regression analysis or including time in the gen
eral regression model. Before stating any general results we 
shall once more consider the simple regression model with 
one independent variable. If we have two variables, Yt and 
X t (t = 1,..., T), they may be related to time in a number 
of different ways. For example, it would be possible to re
move a trend from Y and then regress the residuals from the 
trend on X, or to regress Y on the residuals obtained by fitting 
a trend to X, or to regress the two sets of residuals from fit
ting trends to both X and Y, or to regress Y on X and time. 
We shall now consider some of these alternatives in the case 
where the trend is linear. The general regression model with 
the two independent variables X and time will be 

Yt = bo + biXt + b2t + ut (4.4) 

and from the results obtained in Chapter 2, (2.13) and (2.18) 
we have 

ß 0 = Y - B 1 X ~ ß 2 t 

Σ(t -1) ( Yt - Ύ)Σ(Χί - Χ )( t -1) -Σ (Xt-X)( Υ*-Ϋ)Σ< t - ψ 
bi 

0 ( X t - X ) ( ΐ - 1 ) Ρ - Σ ( Χ ί - Χ ) 2 Σ ( ΐ - ί ) 2 (4.5) 

Consider now the alternative of removing a linear trend from 
both Y and X and then regressing the two sets of residuals. Let 

Yt = âo + âjt + vt 

from which we have 

â 0 = Y - â 1 t (4.6) 

_ S ( Y t - Y ) ( t - t ) 
â i ~ Σα-φ— ( 4 · 7 ) 
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and the residuals from the regression line will be 

vt = Y t - â 0 - â 1 t . (4.8) 
For X, let 

Xt = 60 + 6it + Zt 

and the residuals will be 

wt = Xt — c0— cxt 
where 

c0 == X — Cjt 
and 

E ( X t - X ) ( t - t ) 

(4.9) 

(4.10) 

(4.11) 
1 Σ ( t - t ) 2 

If we now regress the two sets of residuals we have 

v t — d0 + diWt + et 

where 
d 0 = ν — djW = 0, 

since the mean of the residuals from a regression line is zero. 
Hence if the two sets of residuals are regressed, the regression 
line passes through the origin. We also have 

* Σ (wt —w) (ut — û) 
1 Σ ^ - ^ ) 2 

and, by substitution from (4.6) through (4.11), we have 

ά _s[(Y t-Y)-ft 1(t-t)][(Xt-x)-a 1(t-t)] 
Z f t X t - X J - Ô ^ t - l ) ] » 

and expanding the brackets 

à _ Σ [(Yt-Y)(Xt-Xj-â1( Xt-X)(t-tj-Ô^Yt-Y)(t-t)+â1c1( t-t )2] 
Σ [( Xt-X )2 - 2e1( Xt-X) (t-t) + 07 ( t-t)2j 

ς (Yt - Ϋ) (x t - X) - âAX(i -1 ) 2 

Σ ( X t - X ) 2 — a ^ E C t - l ) » 
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by using (4.7) and (4.11). Further substitute for à1 and c± 

and some algebraic manipulation leads to 

ά Σ (Yt-Y)(Xt-X) Σ (t-t) 2 - Σ (Yt-Ϋ) (t-t) Σ (Xt-X) (t-t) 
1 " Σ ( Χ ί - Χ ) 2 Σ ( ΐ - ΐ ) 2 - [ Σ ( Χ ί - Χ ) α - 1 ) ] 2 (4.12) 

which is identical to (4.5), the slope coefficient obtained when 

time is included as an independent variable in the general 

linear regression model. Hence as far as the slope of the re

gression line is concerned, putting in time as an independent 

variable in the regression analysis is equivalent to regressing 

both the variables linearly on time and then regressing one 

set of residuals on the other. In other words, the inclusion 

of time as an independent variable removes a linear trend 

from all the variables. This is a completely general result, as 

it can be shown that the same result holds when time is in

cluded as an independent variable in a regression equation 

involving k independent variables. The effect is equivalent to 

removing linear trends from the dependent variable and the k 

independent variables and then regressing the residuals from 

all these trends. x 

4 . 3 Seasonal Variation 

In addition to the problem of the trend in time series, 

another problem can arise when the series contains quarterly 

or monthly data. Many series of monthly or quarterly obser

vations contain a marked seasonal pattern which is not 

shown by series of annual observations which are either col

lected at a given date during each year or are averages of 

observations over the year. Aggregate consumption, for 

1. R. Frisch and F.V. Waugh, «Partial Time Regression as Com
pared with Individual Trends,» Econometrica,, Vol. 1 (1933), pp. 387 ff. 
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example, when collected on a quarterly basis shows marked 
peaks in winter, when the Christmas festivities produce in
creased expenditure, and also in summer, when most families 
take their annual vacations. Production figures on a monthly 
basis show a fall during the summer, when workers are on 
vacation, and on a weekly basis, a fall for the weeks in which 
there are public holidays or religious festivals. In the study 
of such time series it is often of interest to try to isolate these 
seasonal variations, either to eliminate them or to allow 
for them in the analysis. 

Before we discuss methods for dealing with this problem, 
it is worth asking in any economic analysis, whether the 
seasonal pattern ought to be removed or whether the series 
should be analysed in its raw state. Many examples of eco
nomic research are carried out in which the time series are 
«detrended» and «deseasonalised» in a mechanical fashion be
fore the real analysis begins, whereas one ought always to 
have a very good reason before smoothing or otherwise adjust
ing time series. In some cases it will be appropriate to work 
with series that are adjusted for seasonal variation, but in 
others the seasonal pattern may be important and should 
be left in the series. One should examine this question care
fully in each piece of economic analysis. Many techniques 
exist for the estimation of seasonal variation, based, for 
example, on the method of moving averages. They may be 
found in most elementary textbooks and will not be discussed 
here.1 It was argued above in connection with the removal 
of the trend that smoothing the time series before the re
gression analysis is carried out makes it difficult to interpret 

1. See, for example, J. Ne ter and W. Wasserman, Fundamental 
Statistics for Business and Economics (Boston : Allyn and Bacon, 1961), 
pp. 753 ff. 
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the tests of significance and the same point may be made 
here. To remove the seasonal pattern it is necessary to esti
mate it, and this involves the loss of degrees of freedom. 
Then if tests of significance are applied to the results of later 
regression analysis, it is difficult to allow for this and we 
have a spuriously high number for the degrees of freedom. 
Hence in this section we shall concentrate on a method 
whereby seasonal variation may be investigated within the 
general least squares regression model. 

It was shown above how trends could be isolated by in
cluding a function of time amongst the independent variables. 
If the time series is composed of quarterly observations, the 
seasonal pattern may be estimated by including amongst the 
independent variables a set of dummy variables which are 
chosen so as to pick out the effects of the variation in the 
different quarters. To do this we define our quarterly re
gression model as 

Y f = ß l + ß 2 X 2 t + . . . + ß k X k t + 

+ YiQit + T2Q2t + Y3Q3t + ut (4.13) 

1 in the first quarter of each year 
0 in all other quarters. 

1 in the second quarter of each year 
0 in all other quarters. 

1 in the third quarter of each year 
0 in all other quarters. 

This may be written in matrix algebra in the form 

Y = Xß + u 

where 

• O i t * 

Qu Ζ 

ο« Ζ 

128 



where the matrix X has the form 

Xfl 

X 2 2 

^ 2 3 

X24 

^ 2 5 

^ 2 6 

^ 3 1 

X32 

X33 

X34 

X35 

^ 3 6 

. . . Xki 

. . . Xk2 

• . · Xk3 

• - Xk4 

• · Xk5 

• · Xke 

etc 

1 

0 

0 

0 

1 

0 

0 

1 

0 

0 

0 

1 

0 

0 

1 

0 

0 

0 

It might be thought that four dummy variables would be in
cluded, one for each quarter, but an examination of the ma
trix X shows that this is not possible. If another dummy var
iable, Q4t, were included, which was 1 in the fourth quarter 
of each year and 0 in all other quarters, then it would not 
be possible to invert the matrix, since the sum of the elements 
in the last four columns of the new matrix (which represent 
the valuos of the variables Q l t through Q4t) would be a col
umn of elements each of which was equal to unity. Therefore, 
the first column of the matrix, which represents the con
stant term, would be a linear combination of the last four 
columns in the matrix and the determinant of the matrix 
would be equal to zero. Since it is impossible to invert a sin
gular matrix, the method of least squares would break down 
in this case.1 

If equation (4.13) is fitted by the method of least squares, 
the parameter estimate for Qu gives the seasonal effect for 
each of the first three quarters of the year, while in the 

1. The problem which arises when the matrix in the regression anal
ysis is singular will be discussed in the next section. 
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fourth quarter all the three Q's are equal to zero, and the 
seasonal value in this quarter is given by the constant term 
ßj. In this method of estimation of the seasonal variation 
three degrees of freedom are used up by the inclusion of 
the dummy variables. If the data are in the form of monthly 
observations and it is required to estimate a monthly pattern, 
a similar modification may be made to the least squares 
model. We define 

Yt = ßi + ß2X2t + . . ; + ßkXkt + 

+ YiMlt + . . . + YiiMnt + ut (4.14) 

where Mit is defined to be 1 in the ith month of the year and 
0 in all other months. When fitted, the parameter estimate 
of Mit gives the monthly variation in the ith month, and 
eleven degrees of freedom are lost in the process. 

4 .4 The Problem of Multicollinearity 

It was shown in Chapter 2 that the estimation of the pa
rameters in the least squares regression model involved the 
inversion of a matrix and that a solution is possible only in 
cases where the matrix is nonsingular. Examples have been 
given of cases in which the matrix may be singular, and this 
situation will now be discussed in connection with a prob
lem which can arise in the use of economic time series in 
regression analysis. This problem can arise when some of the 
independent variables in the regression equation are highly 
correlated amongst themselves. It is a particular problem 
since it is not possible to give a general theoretical answer to 
the question of how «high» is «highly correlated?» At the one 
extreme the independent variables in regression analysis 
cannot be independent, since if the variation in Y can be 
explained by the variation in Xt and Xj, these two variables 
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cannot vary in a random way in relation to each other. On 
the other hand, if Xj and Xj were perfectly correlated, so 
that X i t = kXjt, then one column of the matrix X would 
be a linear function of another column in the matrix, giving 
a singular matrix which could not be inverted. Hence the 
method of least squares would break down. The problem 
arises in using economic time series in regression analysis if 
two or more of the independent variables are highly corre
lated, since as the correlation between them tends to unity so 
the matrix to be inverted tends to become singular. An alter
native intuitive explanation of the problem can be given in 
the following terms. If we set up an economic relationship 
in which the parameters have an economic interpretation 
and estimate the parameters, we do so in order to be able 
to make the statement that if we hold all the variables con
stant except Xj, then the effect of a one per cent change in 
Xi on Y will be represented by the parameter associated with 
Xi. However, if the independent variables are highly inter-
correlated, it is not possible to hold all the independent var
iables except Xj constant and the parameter estimates can
not be interpreted in this «ceteris paribus» sense. Hence, if 
the results of the statistical analysis are interpreted in re
lation to economic theory, they may be invalid. 

Unfortunately this is a problem to which no theoretical 
answer can be given. It was thought to be a severe problem 
in connection with demand studies in which the quantity 
demanded was postulated to be a function of the price of the 
good being studied, the general price level and consumers' 
incomes, since in many situations there is a high correlation 
between incomes and the price level. One way in which this 
problem was handled was through the combination of time 
series and cross-section data. If cross-sectional data were avail
able on the expenditure for a given commodity which was 
associated with different levels of income, the relationship 
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between the expenditure on the commodity and the level of 
income could be estimated from this data. Since the data in 
budget studies are collected during a short period of time, 
prices either are constant or do not vary very much. Hence 
by using this cross-sectional data it was hoped to estimate the 
income effect on the quantity demanded independently of 
the variation in prices. Once the income effect was estimated, 
the component of demand which corresponds to changes in 
income could be subtracted from total demand, and the time 
series data so adjusted were then used to estimate the re
lationship between the quantity demanded and variations in 
price.1 

Multicollinearity is certainly a problem, but opinions on 
its severity have changed over time. There was great concern 
with this problem during the 1930's and 1940's, when most 
economic analysis involved single equation relationships; but 
with the introduction of econometric analysis, which tends 
to take more of the economic interactions into account, this 
problem has had much less significance.2 At the present state 
of our knowledge not much can be said on this problem ex
cept to note that if some of the independent variables em
ployed in regression analysis may be expected on the basis 
of economic theory to be highly correlated, the interpretation 
of the individual regression coefficients should be udertaken 
with a certain amount of caution. On the other hand, even 
if the individual regression coefficients are open to doubt, 
the fit of the overall regression equation may still be useful. 
For example, if the object of the exercise is to forecast the 
value of the dependent variable, then even though the indi
vidual regression coefficients may be questionable, the re-

1. For a further discussion of this point see Klein, Introduction to 
Econometrics, pp. 52-74. 

2. See Johnston, op. cit., pp. 201-207, for a fuller discussion of this 
problem. 
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gression equation may still give reasonable forecasts, provided 
the correlation between the independent variables can be 
expected to continue unchanged in the future. 

4 . 5 Economic Forecasting 

So far all that has been said has concerned the statistical 
analysis of past and current economic data, and in this con
cluding section something will be said about some aspects 
of the problem of forecasting. Forecasting opens up a whole 
new field of problems, both technical and philosophical, and 
within the scope of this text it is not possible to do more than 
outline the problems without attempting to solve them. How
ever, wherever possible, references will be given to other 
sources where the reader may find more attention devoted 
to these problems. 

Forecasting has been one of the prime objects of statisti
cal analysis since the time when the earliest studies were 
carried out on economic data. The methodology and tech
niques used have gone through a process of development, and 
some advances have been made since the early, and sometimes 
simple-minded, studies were carried out. Many of the early 
studies involved the application of the method of least 
squares to economic data with the object of deriving statis
tical relationships which corresponded to the functions of 
economic theory. In some of these cases the results obtained 
ran counter to those predicted by the theory, and while this 
could have been interpreted as a refutation of the theory, 
more usually it caused economists not to reject their theories 
but to examine more carefully the validity of applying sim-
pie statistical techniques to the problems of analysing eco
nomic data.1 In many cases it emerged that the applications 

1. See E.J. Working, «What do "Statistical Demand Curves" Show?» 
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were not valid; and as the reasons why the simple methods 
of regression analysis broke down became clearer, a new ap
proach to the problem of the analysis of economic relationships 
appeared with the development of the theory of econometrics. 
The problem which econometrics attempts to overcome can 
be simply stated, though a full discussion of its implications 
lies outside the scope of these notes. Economic theory suggests 
that the economic system is a highly complex process in
volving a great deal of interaction between the variables in the 
system. A movement on the part of one variable can set up 
a chain reaction through large parts of the system and affect 
many other variables. For example, a change in the price 
of one commodity may affect the demand for other commodi
ties and therefore their prices, and these changes in the pattern 
of demand can produce changes in the distribution of factors 
between their different uses and also the distribution of in
comes between different factors of production. The simple 
methods of statistical analysis break down when there is a 
failure to take these economic interactions into account. The 
problem can be stated in an alternative way, since when the 
effects of ignoring the interactions in the economic system 
are analysed, it is found that the basic problem concerns the 
assumptions that are made about the error term in the re
gression analysis. This point has already been demonstrated 
in the previous chapter, in the discussion of errors of meas
urement, where it was shown1 that the effect of ignoring the 
second equation in the simple Keynesian model was that the 
method of least squares when applied to the consumption 
function yielded inconsistent estimates of the parameters in 
the model, because the random errors could not longer sat-

reprinted in Readings in Price Theory, edited by G.J. Stigler and K.E. 
Boulding (New York : American Economic Association, 1953). 

1. See Section 3.2 above. 
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isfy the assumption that they should be independent of the 
independent variables. 

The Working article refered to above illustrates another 
type of interaction problem which can arise when the eco
nomic data to be analysed are generated by a process of inter
action. In the study of demand functions the data are often 
in the form of a series of quantities of a commodity and the 
prices at which they are purchased. Since the data are gen
erated by the interaction of the forces of supply and de
mand, simple methods of regression analysis break down, as 
it is not possible to separate the effects of demand from those 
of supply. 

The theory of econometrics attempts to overcome this 
problem of the interactions in the economic system by setting 
up a complete model in the form of a set of simultaneous 
equations which take account of all the interactions suggest
ed by the economic theory. Estimation procedures have been 
developed with which all the parameters are estimated si
multaneously, in such a way that the interactions in the 
model are allowed for and the resulting estimates are con
sistent.1 

This digression on the subject of simultaneous equation 
versus single equation estimation has the following purpose. 
The theory of least squares regression analysis was outlined 
in the first two chapters, after which the text has been mainly 
concerned with pointing out the problems that arise when 
various assumptions in the simple model are changed. The 
object of this exercise has been to show that statistical anal
ysis should never be applied mechanically without much 

1. It is hoped that this greatly oversimplified statement of the 
problem will give the reader some idea of the diffictulies. The literature 
on econometrics is rapidly becoming vast, but entry to the field can be 
made by consulting the references which have been given to Klein and 
Johnston. 
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thought being given to an analysis of the probability (and 
costs) of making the wrong assumptions and reaching the 
wrong conclusions in any economic research. Much progress 
.has been made in isolating the nature of the problem that 
arises in the analysis of economic relationships, and the for
mal solution of the problem has been found under the assump
tion that the system of simultaneous equations that forms 
the economic model has been correctly specified. However, 
in practice we do not know whether the economic model has 
freen correctly specified, and with the present state of the 
development of economic theory, it seems unlikely that our 
models are more than crude approximations to the basic re
lationships in the economic system of the real world. While 
the methods developed in econometric theory have an ad
vantage over the estimates obtained by the method of least 
squares when there are no errors in the specification of the 
model which is being used, they are very sensitive to speci
fication errors and a number of simulation experiments 
suggest that if there are errors in the specification of the 
model the estimates obtained by the method of least squares 
tend to show more stability than those obtained by some of 
the more elaborate methods of econometrics.1 

This implies a somewhat pessimistic view of the possi
bilities of forecasting economic variables with the present 
state of economic and statistical theory, but this should not 
be taken as an argument against the attempt to make eco
nomic forecasts. Rather it is a suggestion of what we can 
hope to achieve by making forecasts. At present it would not 
be realistic to expect to make accurate forecasts of the fu
ture bahavior of the economic system, since the tools at our 
disposal are still extremely primitive. What we may hope 

1. For an excellent summary of the results of a number of simulation 
studies see Johnston, op. cit., Chapter 10. 
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for is that by making forecasts and studying them in relation 
to the actual course of events, we can improve the statisti
cal tools at our disposal and the economic theories which 
constitute our knowledge of the economic system. When 
progress has been made in this direction, we may then hope 
to start on the process of making accurate forecasts. At pres
ent much economic research is carried out which involves 
making forecasts, but not enough post mortems are carried 
out to see how far off these forecasts were and to try to dis
cover the reason for the errors. 

It could be argued that this is an extremely negative view 
which does not offer much to the decision maker who wishes 
to base policies on some indication of the future behavior of 
the economic system. Given what has been said above, do 
forecasts have any practical value for the policy maker? This 
question may be answered in the affirmative, provided that 
we are careful to specify the limitations involved in the proc
ess. Forecasting by means of statistical analysis is basically 
a process of extrapolation, in which past and present data 
concerning the behavior of economic variables are used to 
predict their future behavior. The implicit assumption that 
is made in carrying out this process is that future observa
tions will come from the same population as the sample upon 
which the forecast is based. In other words, we have to as
sume that the statistical relationships represent an economic 
system which is not changing or, if not static, is changing 
slowly. 

With so many countries committed to policies of economic 
growth through economic planning and government inter
vention in the free working of the economy, it might be argued 
that statistical forecasts which are based on the assumption 
that the world does not change would have little if any value. 
However, they do have a function in the process of planning, 
in the sense that they can be used to set up a bench mark 
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against which the magnitude of the growth problem and the 
success of the plan may be judged. Even though the fore
casts are crude, they provide some estimate of what the 
economy will look like if nothing is done to it and if present 
trends continue; and this information can be used to assess 
the costs of delaying various alternative parts of an econom
ic plan. Resources are limited, and by examining forecasts 
of the future behavior of various sectors of the economic 
system on the assumption that nothing is done to them, the 
policy maker may be able to come to a better decision as to 
the optimum listing of priorities in the allocation of scarce 
resources. 
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